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PREFACE 


This book is a revised edition of the previous one. 
It embodies the lectures given in classes by the authors. 

An effort has been made to put the subject matter in 
a clear and simple language. Obscure points which are a 
source of trouble have been thoroughly explained. 

The authors shall feel rewarded if the book is found 
useful by students and teachers. 

THE AUTHORS 


PREFACE TO THE THIRD EDITION 

The book has been thoroughly revised and enlarged. 

Shorter and easier methods have been inserted in 
place of those difficult and lengthy. 

Two moie chapters rendered necessary by recent 
examination trends have been added in Spherical 
Harmonics. 

Difficult questions have been solved or indicated. 

We greatly thank our publisher and the printers for 
the nice printing of the book. 


September 1963 


THE AUTHORS 



DEDICATION 


Dedicated with feelings of devotion and deep affection 
to the ever-inspiring and ever-fresh memory of our Great 
Teacher Dr. Ganesh Prasad D. Sc., who, besides being one 
of the great Mathematicians of the world, was a classical 
example of Purity, Fearlessness, Truth and Simplicity and 
was one of the great Builders of the subject of Spherical 
Harmonics. He discovered flaws in the arguments and 
writings of so many of the greatest mathematicians of the 
world both of the past and of his own time. 

Being an extra-ordinary genius and a person of supreme¬ 
ly high character, he was deeply loved and universally 
respected. He was the noblest and purest of men. He 
devoted his life to the service and welfare of the student 
community. 

On 9th March 1935, at Agra, he left this world for his 
Permanent Abode in Heaven. He was born in Balia, 
educated at Balia, Allahabad, Cambridge and Gottingen 
(Germany). At the time of his death, he was the Hardinge 
Professor of Pure Mathematics in the Calcutta University, a 
position of the highest honour and distinction in Mathematics 
in India. May his soul rest in peace ! May his life ever 
inspire us on the path of knowledge, steadfastness and 
virtue ! May God give us capacity and courage to follow 
his foot-prints on the wide sands of life ! May the ‘Kindly 
Light* lead us. 

DHARMA VIRA 
S. C. MITTAL 
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CHAPTER I 


PARTIAL DIFFERENTIAL EQUATIONS OF 
SECOND AND HIGHER ORDERS 


1-0. The general linear equations of an order higher 
then the first. 

A partial differential equation, which is linear with 
respect to the dependent variable and its partial differential 
coefficients, and in which the coefficients are constants, is 
called a linear partial differential equation with constant 
coefficients. It is of the form 

d n z, . d"z , A _ d”z _ , 

dx n+Al ax"- 1 a y + 2 ax"-* 8.r * 



+ M f+N^ + Pz=f(x,y). 

ox oy 



On denoting — by D and — by D\ it can be written as 

ax a y 

{D n -\- A 1 D n ~ l D '-\-... +A n D '"-\-... MD + ND' + P) z 

—f (x, y) ...(2) 

or <t> (D, D') z=f (x, y). ...(3) 

1*1. As in case of ordinary linear differential equations, 
the complete solution of (3) will consist of two parts, the 
complementary functions and particular integral, the comple¬ 
mentary function being the solution of 

</, (D, D') z=0. 
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'Easy Partial Differential Equations 


1-lt. Complementary functions of homogeneous equa¬ 
tions with constant coefficient. 

This is the simplest case of the general equation and in 
it all the differential coefficients that occur are of the nth 

order; so it may be written as 

(D n +A l D n - l D'+A 2 D n - t D * 2 +.. . + A n D' n ) z= V 
or (D-oqZ)') (D-x 2 D')...(D-<x n D’) z = V, 

where are the roots of the auxiliary equation 

m n 4- A x m n ~ l -f- A 2 m n_2 ... +^»=0. 

Now considering (D— a r D') z — 0, 

i.e. |~ a r ff=0, or, p-a r q= 0, 

its subsidiary equations are 

dx dy _ dz 

1 — a r 0 


or a r x+-y=Ci and z=*c 2 . 

/. z—F r (>»+ * T x) is the solution of (D-a r D')=0. 

Hence as in case of ordinary linear equation the comple 
mentary function is 

z^=F x (y+oCiXl+Fi, (y+a 2 x).. .4-... 4-^n +*»*)• 

1*12. If the auxiliary equation has equal roots. 


Consider the equation 

(D—niD') 2 z= 0. ...(1) 

Now let (D—mD') z=u. ...(2) 

(1) becomes (D—mD')u= 0, 

so that u=F(y+mx). 

{D-mD')z=F (y+mx) [from (2)] 

I— |-F (,+-*>. 

Its subsidiary equations are 

dx _ dy dz 

1 = — m** F (y+mx) * 
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y+mx=c x . ...(1) 

dx dz 

And then, F (Ci)‘ 

z — xF (c x ) = c 2 

z — xF(y-\-tnx) = Co. ...(3) 

the solution is, 

<f> [z- xF(y+mx). y + mx J = 0 [from (l)and (2)] 

z-xF(y+nix) = F i (y + nix), giving z. 

In general the solution of 

( D—mD ) r z=0 

z=F x (y+mx) + xF 2 (;+mx)+. . + x r ->/ r r O’+mx). 

Examples 1 (1) 


1. Sol ve 


^! z _3 4-2 

0x 2 dx c>> 



The auxiliary equation is 

+ 2 = 0 


or 


i. e. 


(m—2) (m - 1)=0 



or 

or 

or 



the solution is 

z=f x O' + xJ+A (^+2x). 

? |2 3 - Z _^ = 0 

ax 4 ex 3 0x dy 3 dy » 


The auxiliary equation is 

w 4 —2m 3 4- 2m —1 = 0 
(rn 2 + 1) (m 2 — 1) — 2m (m 2 —1) = 0 
(m—\) (m+1) (m 2 +l — 2/w)=0 

(w — l) 3 (m-f 1 ) = 0. 

m=l, 1, 1, —1. 


the solution is 

Z=<t> x (y+x) + x<f : 2 (y+x)-t-xH , (.y+xl + tfu (y —x). 
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Easy Partial Differential Equations 

Exercises 1 (1) 


Solve— 


1. 

2 . 

3. 



o-y 4 dy* 

Ans. 2 =^ (y+x)+<t> 2 (y—x)-fV > 3 (y+/x)-f </> 4 (.y— fx). 
(Z) 3 —6Z)’Z)'-f-11Z)Z)' 2 —6Z)' 3 ) r=0. 

Ans. z = 0! (;y + x)-f 0* (_>>+2*)-f-0 3 0> + 3x). 
(Z) 3 —4Z) I Z)'-f-4Z)Z)' 2 ) 2=»0. 

Ans. z = 0 x (>»+2 x) + a:0 2 (>>+2x)+0 3 ( 3 ;). 
(Z> 3 — 3D 2 D' -f- 3DD ' 2 —Z)' 3 ) 2=0. 

Ans. 2 = 0! (.y-fx)+x0 8 (;y+x)-|-**0 3 (y+x). 


1*2. The Particular Integral. Let u> first take the 
case of a homogeneous equation. 


or 


Let the equation be 

{D» + A l D’'-'D'+A 2 D’'-*D ' 2 ... -f A n D*») 2= V 
(D-^D'} (D —a 2 D*). . .(Z>-a„D') 2= V. 

Now symbolically, the particular integral 

1 - V 

'v* r 


^(D-^D') (D- 

-a 2 Z)').. 

.(/)—«„/) 

1 

- - - a 


1 


~ Z>'" / 

D \( 

z> A 

/D \ 

( 

M a, A 

D'-*0 

vzr a v 

1 

f <4, 

A „ 

/| n 

“Z)'" 

(z) + 

d 

*•+£> 


Z)' a * 

jy * 2 



.F 


• V ...(1) 


Now iet 


(breaking into partial fractions). 


V=d 


or 


(Z)- ar Z)') 

(D — a r Z)') 0= F=0 (.x, y). 

... 0 (x . 
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d=e xa * D ' J 0 ( x , y) e~ xlr • D ' dx 
D' j x 0 y) e -* r v . D' d g 

4 (5 , y) d ; 

= eXXlD ' \ X [* (5. (|,) (4 (£. y) 

+ ‘rf (i,)' + <’• *>-•••] <*5 

=e x * rD J" 0 (f, y—a 2 £) [by Taylor’s theorem] 

=e*" D ' j* (4 (l, y-a r Z) dl 

= I 0 (£. a r ^ + a r x) [by Taylor’s theorem] 

J o 


p - {,£, z) --;;b} * <*• ^ 

■=^4^ r £ t f >/> ic,, y—<x r £+cc r x) dl 


[from (1)J 


= //[•• -1, J" (4 (5, y-«,5+a r *) </;j. 

Working Rule. To evaluate 

D—mD' * (x ' 

form the function (*, y —mx), integrate it with respect to 
x, and in the integral obtained, change y into y+mx. 

Note. This is the most general form of the solution. 
However, methods shorter than this can be employed in 
certain cases. We give them below. 
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1*3. The particular integral may be written 

nbm * <*■ y) - 

Treating F (D, D') as symbolic function of D and D\ 
factorising it and resolving into partial fractions or expand¬ 
ing in an infinite series, the P. I. can be obtained. 

For example, 

D 2 -6DD'+9D' 2 < 12 * a+36 *'> 

1 


1 

D* 


z) 7 — w*\ o 2 * 2 + 36x y> 


(1 6 ^ + 9 fl*/ 


( {2x '+ 36xy) 

-^[ ,+ ^ + 27 ^ + -- 0 (1 " +36v) ] 

= ^ 2 [( l2 * 2+36 * >0 +2) (36 * x) ] 

=x 4 -f-6x 3 y+6x36x 2 ”- 3 - > ^ 


= 10x 4 +6x 3 y. 

1*31. When 4> (x, y) is a 
<f> (ax+by), then 

norm * (ax+by) 


function of ax+by, say 


1 




rr $ (ax+by). 


Now ^ <£ (ax+by)=jp 4>' (ax+by),b 


=- 0 (<7X+6>’) 
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4> (< ax+by)= 


1 


DnF o 


</. (ax+by) 


= T^\\\-"' , ‘ (ax ^ by)dxn - 


b . 


F 
D' 


Note. If ^ is a root of F^jr) = 0. 


Fi °' D,) * (ax+by)= H§-b*(£y 


f> ( ax+by) 


- (£-*) * 0 

which can be evaluated by the general rule. 

1*32. A shorter method. When 

f(x, y)=<f> {ax + by). 

Then D<f> (ax+by)=a<f> > (ax+by) t 

/)*</> ( ax+by) = a % <t>" (ax + by). 


. .0 (ax + by) dx n ~ x . 


D n <f> (ax+by)—a n <f> ln) (ax+by). 

Also D’ (< ax+by)=b<f >' (ax+by), 

D’ z (ax+by) = b*<t >' (ax+by). 


D' n (ax + by) =b n <p {nt (ax + by). 


Thus, if F (D. D') is a homogeneous function of D 
D' of degree n , 

F ( D, D') (ax + by) = F (a , b) (ax+by). 

« t> (n) (ax+by) (ax + by) 

F(D,D') ~ F (a, b) 


and 
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Easy Partial Differential Equations 


provided F ( a, b)^£0. 

Put ax+by~t in (1), then, 

0 " (0 


0 (/) 


F(D, D')~ F (a, b)‘ 
Integrating with respect to /, n times, 

0 (t) //.../ 0 (o m n 


F (A £>') 


F (a, b) 


0(0 


~F (a, b)* 

where 0 (/) is such that its nth differential coefficient with 
respect to / is 0 (/). 

Working Rule. In evaluating where F(D, D') 

is a rational integral homogeneous function of degree n, 
we integrate 0 (< ax+by) n times with respect to ax+by 
considered as one variable and then divide the result by 
F (a, b). 

1*33. Exceptional case, when F (a, b)=0. 

I. Consider the case 

( bD—aD') z=x r <f> (ax+by) 

or bp—aq—x r (f> (ax+by), ...(1) 

where 


8 z dz 

ax~ p - a y 9 


Applying Lagrange’s method to (1), 

dx dy dz 

b ~—a~x r <f> (ax+by)’ 
One solution is ax+by=c. 

The other solution is given by 

dx dz x r+l 


b x r 0 (cj * 


z— 


or 


z= 


* r +1 


b (r+lj 


0 (ax+by). 


0 (c) 
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This is the solution of the given differential equation (1). 


Tbus ,bD-aD-) Xr ' Ma ' £+by) 


b Ir+Tf* (aX+by> - 


.. .(F) 


II. Next, consider 


iSB=a> t» * {ax+hy) 

~ (bD — aD') n ~ l ' (bD — aD') * + 


— (bD-aD'r - 1 ‘ b 0 < ax + i > ,) 

= (bD — aff ’ (bD — aD') ' b A {ax+by) 

-(525=W=»-S*S* ( “ +6y) lby(F) ° f,J 
-(S5=W- ’ 5*72! (ax+ ' >y) 

= 6*721 • (TS=5Z?j« *** (ax+W 
= 5*72 ! • (52OT]-^ • (HOT) *** (0X+6y> 

= 6T2 ■ • (6/)—• 55* ( ° X+fcy) (F> ° f 11 


[by (F) of ll 


1 


. ~~r '/' (a* + &>’) 


= ( „_1) ! ( bD-aD'r 

[repeatedly by (F) of I] 

=5*751 * ^ ^ 





Easy Partial Differential Equations 

Thus ?bD a ltDr = b^ 5 i * (ax+by) - 

Examples 1 (2) 

1 . Solve |-f +.3 J-5 -+.2 d —= x +y 

dx^ dxdy^ dy £ ^ y * 

The auxiliary equation is 

m 2 +3m-f 2=0; 

w= —2, or m = — 1; 

O. F.=$ 1 (y— 2x)-\-<f> 2 (y—x). 
Now P. I*= £)2+3Z)Z)/+2Z) . 2 (*+y) 

I 


...(F) 


(Agra 1952) 




3/r zd 72 ^ 


1 


i ns 


) 


— £)t (*) + 

the solution is 


D 2 

2D' 2 *"T+32 


2Z)' 2 ( 1-4-2^-r 

V + 2D'*t*2D'V 


X 3 y3 


z=<h {y—2x) + <f> 2 (y—xj-f^-f^. 

2. Solve %— 2 -~ - 6 —=xy 

dx 2 dx dy 9y“ y ' 

The auxiliary equation is 

m 2 — m—6=0. 

m=3 or m = — 2. 

C.F.=^ (y-f-3x)+<£ 2 (y—2x). 

I 


P. I.= 


D-—DD , —6D t2 

1 


(xy) 


D 2 (l 

\ D D z ) 
D' 6D' 2 \ 


(xy) 


-AK 


* + n + 


D r D J 


+ 


• • • • 1 


xy 
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or 


1 / x 2 \ 

~D 2 V^+2 ) 

x 9 y x 4 
= '6~ + 24* 
the solution is 

2=0j (y+3x)+<fi z (y-2x)-h- 6 ~-h~ 

_ „ , d 2 z d 2 z 

3. Solve -—„-i---x=cosmxcosny. 

a* 2 a y 2 

The auxiliary equation is 

m 2 -f 1=0. 

.*. m = + i. 

C. F.=<f> 1 (y+ix)+<fi o — *^r). 


P. f;= 


cos mx cos ny 
D 2 +Z>' 2 

cos mr cos ny cos mx cos ny 


the solution is 




+ /*)— 


cos mx cos //>> 


4 —=x 3 y a 

The auxiliary equation is 

m 3_l = 0 

(m— 1) (m a + m+l) = 0. 
rn=l t m = (— 1 ± V— 3)/2. 


C. F.=■+ x) + 0 2 (>>+ 


V3/-1 


) + * 3 ( 


>> + 


-v/3/- 


- 1 *) 


1 


P T = _!_ y3v3 

/)3 _ £>'3 * y 

l 


Z> 3 


(-£) 


x 3 ^ 3 



12 Partial Differential Equations 

=F»( l+ 5 5+ '"') xSyS 

-5s[(^ 3 )+4x3^6] 

y.x* a 9 

“4.5.6 ~*~4x 5x7x8 X9* 
the solution is 

z=4> l {y-\-x)+<f >2 (y+-^-~ 2 —' —^2 *) 

x*y 3 x 9 • 

+ 47576 + 4.5.7.8.9* 

5. So/ve $-2a^++*-f(yW. 

The auxiliary equation is 

m a — 2am+ a 2 =0 

or (/m— fl) B =0. 

C.F.SS0! (y+w)+x.^ 2 (jy+ax). 

PI= (o=W /<>,+flJC) 

^(D-flD 7 ) * {D^aiX) f( y + ax) ' 

N °w let /(.y4-ax)=w. 

.*. (D—aD') u=f (y+ax) 

or M.e~ aD,;,: =J e“ flZ)/x /(y4-ox:) </* 

=J / (y) dl=xf (y). 

.*. u—e aD ' x xf (y) 

=*xf(y+ax ). 
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• • 


P - I= (S^) * f <y+ a *= v < say) 

/. (D-aD')v=xf (y + ax). 

v.e- aD ' x = j xe- aD '*f (y+<*x) dx 

= f* Ze- aD 'Zf{y+a£) dl 


= 5/ (y) d£ 

y2 

= 2 /(>■)• 

f f(y) 


=£ f(y+ax). 

This follows at once from (F) of II of Art. 1-33. 

6. Solve 

f?+fS + f?-8 tWdz =X '~ JXyi - (Agra 1955) 
(Df + Df + Df-ID^DJ u=x*-3xyz 

(D.+D 2 +D 3 ) (D l 2 + D 2 + D 2 -D i D 2 -D.,D,-D : ,D i ] u 

= x 3 —3 xyz 

(D,+D 2 + D 3 ) (D x +u>D 2 +o>*D 3 ) (D x + oj 2 D 2 + wD z ) 

* _v3_ • 


or 


or 


3e)3 --=x 3 —3 xyz. 




where co is cube root of unity. 

Now considering 

(ZJj-f- wD-z +u—0, 

u=<f> (y, z) 
i> being arbitrary, 

or u=<1> (y—ojx, z—uj-x). 

Therefore the complementary function is 

4 X (y—x, z—x)+4 2 (y-cux, z — uj 2 x)+<t> 3 (y — orx, Z — U.X). 
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Now P. !—2 ) j 3 +Z ) 2 » + X),»_3 D&D, 

X 3 

Vi v + d^ + ) 

3 xyz 


_ 3DDD ( _ D > , A 

3D,D,D z y- 3DD ^ 2Di6 - 3DD + \) 


x 3 xyz 


x 2 .y 2 .z 2 


~4.5.6 + 2.2.2 * 


the solution is 

w=tf>i (y—*, z—x)+0 3 (y— ojx, z—co 2 x) 

y6 v2«2^2 

+0 3 Cv-^x.z-wxJ+^+^iL? 


7 . (4D*-4DD'+D' 2 )z= 16 log (x+2y) 

(2D—D') 2 z=l6 log (x-f-2y). 
.*. the complementary function is 


(1960) 


<f>i (y+*x)+x<f> 2 (y+|Y 


Now 


P T _ 16 lQ g (*+2y) 

(2 D-D’)* 

16 log (x+2y) 


(*-4) (-fT 


Now let 


log (x-f 2y) 


w=log (x-f 2y); 

u=x l°g (2y+x) (by general rule) 
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x log (2y + x) 


= 2x 2 log (x + 2y). 

This follows at once from (F) of II of Art. 1*33. 
the solution is 


z = 2x* log ( x + 2y)+f 1 (x+2y)+xf 2 (x + 2y). 

8. (2D 2 -DD'-3D' 2 )z=5e*-'' 

(2D—3D') (D + D’) = Se*~>'. 
the complementary function is 

0i (y—x) + <t> 2 (2y + 3x). 


=___V 

(D+D‘) (2D-3D') 

x *■■ 5e ’~ y - [by § 1-31] 

=xe x ~ v (by general rule) or by II of 1*33. 


9. (Z>-aZ>') 2 =0 (jc)-h0 (y) + K (x+by). 
Clearly the C. F. is 

0i (y+ax) + x<t >o (y+ax). 

D t (*) + 0 (y)+K (x + by) 

*“ (D-aD'f 


Now (X) 


<t> (x) 


(D-aD'f 


D 2 


o- 


0 (y) 


aD'y 
D ) 

ff «/» (x) dx 2 . 

0 (y) 


0 (X) 
D L 


(D-aD 2 ) 


a 2 D 


// 0 O') dy 2 


a 


Now, 


(D-aD'f K 


16 


Easy Partial Differential Equations 


1 




— 2 K (x+by) 


) 


1 


D z (1 — abf 
1 


IC (x+by) 


~(\-ab? H K (X+by) dxK 

. K (x+by) 

*' (D—aD')* 

putting t — x+by after integration. 

Hence the solution is 

z=*<b x (y+a x )+x<t > 2 (y+ax)+fj <t> (x) dx 2 +(ll2a 2 ) //0 (y) dy } 

;/ * (,) 

where f=x 4 £>», after integration. 

Exercises 1 (2) 


1. 


3*m 


a * 2 ay 


= *“. 


Ans. u=«^ 1 0>4flx)4fo 0—^)4-j2* 


2. (a) ~-f-|^=sin x. Ans, z=<f> l (y—x)— cos x. 

ox cy 

... dz dz ~ . 

(b) -— = 2 sin x cos v. 

0-v dy 

Ans. z=^! 0'+x)4-x sin (x+y)— £ cos (*—>’)• 

3. (D z — 2DD'+D’ Z ) z=e x + 2 *. 

Ans. z=e* +Zv +f(y+x)+xF(y+x). 

4. (2)2-_6£>Z>'49D' 2 ) z=6x42>>. 

Ans. z=x 2 (3*4y)4tfi (y+3x) + x<t>. (y+3x). 

5. (Z) 8 — 4D~D' 4 4DD ,Z ) z=4 sin (2x4y). 

Ans. z=—x 2 cos (2x4>>)40i (y42x) 

4*02 O'4 2x) 4 0a 00* 
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6. (D-2D') (D+D’)z = (y-\) e r . 

Ans. z=ye z +<i>i (y + 2x)+<t>2 (y — x), 

7. (£> 2 +2Z>D'+ -£>'*) z = 2 cos y—x sin y. 

Ans. z=x sin y-hfi (y—x)+xf. 2 [y—x), 

8. ( D-D ')* z=x +<*> (x+y). 

Ans. z=^ + y * O'+ *> + ** i (*+*> + ** <* + >*>• 


9. 


a 2 « a 2 u 0 ? « 


2 
a*y 


—xyz. 


0x a+ 0z 0x 0 v 2 3y dz 

Ans. w=$ (y+x, r) + «/< (y—x, 2 x ) 

4 -x 3 y 2/6 — x 4 y/24-j-x 6 /12 0 . 

14. The non-homo&eneous equation with constant 

coefficients. 

The simplest case is 

(D — mD' — a) 2 = 0 

or z==e ( mD '+ a)x *(y), 

v/here D’ has been considered algebraic and </> is arbitrary 

= e“* <t> (y+mx). 

(D — mD'—a.) 2=0 

or P fTicj = (x 2 . 

the subsidiary equations are 

dx dy dz 
1 — — m~ az’ 
z=e ax <t> (y+rnx). 

1*41. Similarly the integral of 

(D— m x D' —<*i) (D—nioD' — ciz), 

(D — m 3 D' — a 3 ),..=0 

is z=e** x <f> l (y+mjxj + c 9 **^. (y+m z x)+e*> x (y+»i 8 x) + .. 

1*42. In case of repeated factors, 

^ (£)— mD' — a) 2 z=0 ...(1) 

(D-mD'- a) (D — mD' — a.) z = 0. 


Note. Also 


or 
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Let (D — niD—ct) z = v. 

Then. {D—mD'—x) v=0 [from (1)] 

or, v=e aA: <f> x (y+mx) 

or, (D—mD*— a) z—e 9 * <f> x (y-\-mx) ; 

z==e (mD’+a)x [|{ e -("«£' + “)*xe ax ‘/> 1 ( y+mx )} dx+<f> t (y)] 
=e (ax+mD')x j ^ (y) dx+e^e™ 3 * D '<f> 2 {y) 

=e** (y+m.x) + e a *<£2 (y+mx). • 

Similarly proceeding in the case of (D—mD'—x) r z — 0, 
we have 

2 = e ' LX <f> x (y+mJ+e^.xij (y + mxj+e^ 2 ^ (y +- mx )+-... 

... +e**#- x 4> r {y+mx). 


1*5. The Particular Integral. 

The methods for obtaining particular integrals of non- 
homogeneous partial differential equations are very similar 
to those used in solving linear equations with constant coeffi¬ 
cients. Here we shall consider only a few examples. 


Note. It can be easily shown that 


! pax+Sv 

r. rfT_ -—, if F K b )^0 


F(D , D') 


F (a, b) ' 


and F ( D \ DD' t D'*) Sin (ax + by ) 


1 


■ /<-«». -ab. - W) siD {aX+hyh 

provided the denominator is not zero. 


Examples 1 (3) 


1. Solve 


?*z 


—3 ^.54-5 ^ = xy + e x+ - v 

3A- a ay 2 ay xy + 

Here, {D'-D'--3D + 3D') z=xy+e^ 
or, {D-D'){D+D' — 3) z=xy+e x +^. 

the complementary function is 

r b {x+y)+e ZT *j) (y -x). 


(Agra 1958) 
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xy 


;X+2V 


Now P. I.— /£>_£>') (£)-t-D' — 3)"^ (D — D') (D-rD' — 3) 


1 


; *+2y 


3 (P'—P) 

= J[D^D)\_ l + 


£>' + D~] Xy+ (\-D') (l + P'-3) 


(P'-fP) (P' + P) 2 

o T Q 


-1 e x .e 2v 

...J 


= ■- 3W=TD) [ X,,+ 5+ 3+I] el * D -■ 1 


_!_ ( xy+-+ -+%)—ye x+2v 

3+3 9; 

= “35 [ Jt>,+ 5 + 3 + 9 + r + l] ->, ' ;J,+ 

*x 2 ;v 1 x 2 xy 2x **_*!_ * + 2 „ 

= ”3T2"9*2“9“27 18 18 


• • 


the solution is 


I+-V 


x 2 y x 2 x>» 2x x 3 

z=«/> (x+.y)+e 3 * ^ O'—*) 9 9 27 18 * 

0 8 Z 3 2 2 0 Z , -5 3 Z ~ —/>*-V__y 2 v 

2 - 3T 2 "w 2+ S + 3^ - ^ (Agra 195") 

( ( £>-P') (/>+P') + 2 (P+P')-(P-P')-2] z=e x ~ v x 2 >» 

r> [(D-D'+ 2 ) (P-f P' — 1)] z=e x ~ v —x-y. 

the complementary function is 

z-e" 2 * <f> (y+ x )+e* 0 (y-x). 


Now, 


,z-V 


x 2 _y 


p - I -=( D_i)- + 2) (j +g'-i)~a»-J ,a +g+3g'- 2 
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3* 


» • 


e x-v 


(l-D'-f-2) 




, , f. , (D , 3D' Z>' 3 £>*\ 

= -4^l l ^2+-T-r+2) 

,( D ,3 D ' D ' a £> 3 \ a 

. + V2 + 2 —r+27 

/Z) 3 Z>* Z^2 Z^Y 

% + T“I + 2 j + - 


— T+> 


r-f 


D t 3D' ' D z ' D* . 3DD' 3D*D' 

2 + 


+ ~T + 2 + 4" + 


3D Z D' 

+ T~ H-5-1" 


...] 

e x-v r ^x 2 v T 

= —4~+! \ x*y+xy+-Y+y+^+3x+3+$+i J 

c *-v 3*2 3j> ^ 3x 21 


x 2 y 


= — 4 " 4 


2 +_ 4’ + f + 'f + r+8"- 


the solution is 

z—e- 2x «/. <£ (y— x) 


e*~* x*y 
4 + 


3x 2 . 3j> 


2 4 4 


+ 5? + 35,21 
*2*2*8" 


dx 2 dxdy + dy 2 cos {x+2y)+e*. (Agra 1955) 

(D*-DD'+D'— 1) z=cos (jc-f 2 y)+e*, 

(D — l) (D—D'+l)z=cos (x+2y)+e v . 

the complementary function is 

(y) + e~ x 0 (>»+x). 


P.I.= 


1 


[cos (x-f- 2 >')-fe«'j 


D 2 -DD'+D' — 1 
= — 1+2+Z)'—1 cos (- r +2>04- /)2 _ Z)+ j 
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ly cos ( x+2y)+e* 


1 


-D (1 -D) 


_sin (x+2 y) 


-xe v . 


the solution is 

z=e x <f> {y)+e~ x 0 {y-\-x) + i sin (x+2 y)—xe*. 

4. Solve 

9 2 z_ dz dz 2 o 2 z dz , 2 dz 
dx 2 dx'dy dy** a>> dx 

= e 2x + 2v +sin (2x+y)+xy. 
(Agra 1963, 56, 54) 

{D £ ~DD' — 2D’ 2 +2D’ + 2D)z=e 2 ^ v + s\n (2x +y) 4- xy 
t {D+D') (D—2D'+2)z= e 2z+2v + sin (2x+y) +xy. 
Therefore the complementary function is 

0 O'— x)+e~ 2x 0 (y + 2x). 


Now 


1 


D 2 — DD'—2D' 2 -j- 2D' -f- 2D 

1 


^2«+2i/ 


_ p2x-f3i/ = _ „ - 

4 —6—18H-6-f-4 10 


Also, 


1 


£2 _ DD' - 2D' 2 + 2D'+2D 

1 


sin (2x-fy) 


—4+2+2+2Z)+2Z) 

1 


, sin (2x -f-y) 

D-D' 


2 {D+D') Sin ( 2x + y ) 2 (£> 2 —Z>' 2 ) Sin 

__{D — D') sin (2x-f-y) 

-6 

= — i [2 cos (2x-f-y)—cos (2x+y)] 

_cos (2x+y) 

6 
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and. 


D*-DD'-2D 


■+2D+2D' Xy 
1 


1 

(. D+D ') 2 [ 

> 

;-( 


2 (/>+/>') [ 

l+l 

(b--5)+(V 


» 

VII 1 

- J' A 

2(D+D’) V 

—2— y 

1 /, D'\ 


V _\ 

2D \ Z>J 

\yxy+x-~-\ J 

20 (^ +X ‘ 

y 

"2 

1——+-^ 

2 ~2y 

» (?■ +? 

a: 2 
__ « 

6 

1 

1 



= 2 ^ (6x*y+9x*-2x*-6xy-12x). 
the solution is 

e 2x+Sv 

z—<f> (y-x)+e~ 2x if>{y+2x) - 


cos (2x4- v) 


or 

or 

or 


5. mn 


( 


&+P n-w+rf)-^ 

a* 2 a;’-/ dx dy 


+mn (" |x' 


m 


3f 

a.v 


) 


=cos (wx+rry)+cos (kx+ly) 


(mnD 2 4-mnD' z —m 2 DD'—n 2 DD'4-nm 2 D—m*nD')z 

=cos (mx-f-wyj+cos (kx+ly) 

[mD ( nD—mD')—nD' ( nD—mD')+mn (nD—mD')]z 

=cos (mx+rty)+cos ( kx+ly) 
[( nD—mD ') (mD—nB'-\-nm)]z 

= cos (mxH-«>0+cos (kx+ly). 
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the complementary function is 

*1 (y+™ *)+«-""“ i-2 (y+ n m *)■ 


Now 


where 


and 


_ „ cos ( kxA-ly) _ 

mnD l +mnD ,i —(m i +ri i ) DD' —m £ nD'+mn 2 D 

_ cos ( kx+ly ) _ 

— mnk 2 —mnl 2 + (m 2 - f- n 2 J kl—m 2 nD' + mn 2 D 

_co s ( kx+ly) 

~[(mn 2 D — m z nD‘)+t\ * 

t— —mn (k 2 +l 2 )+(m 2 +n 2 ) kl 

[mn cos (kx+ly) 

~ [+npri l (nD—mD') 2 — t 2 ] 

(—mn ( nD — mD') + t) cos (kx+ly) 

~ — m*n 2 {-n z k 2 —m z l 2 +2mnkl}+t 2 

=mn 2 k sin ( kx+ly)—mrnl sin (kx + ly) 

+ (nk—ml) ( nl—mk) cos (kx + ly) 
rrm 2 n 2 [nk — ml\ 2 +[—mk (nk —ml)+nl (kn — ml)] 2 
= mn sin (kx + ly) [ nk—ml j 

+ (nk—ml) (nl—mk) cos (kx+ly) 

+ (nk—ml) 2 [0 nl—mk) 2 + m 2 n 2 ) 
mn sin (kn+ ly)—(mk—nl) cos (kx+ly) 

~ (nk—ml) [(nl—mk ) 2 +m 2 n 2 Y~ 

cos (mx+ny) 


(nmD*+mnD , *)--(m*+ri t )DD , +mn z D--m*niy 

_ cos (mx+ny) 

— mn y n 2 +m 2 )+(m 2 + n 2 ) mn+mn(nD—mD') 

cos (mx+ny \ cos (mx+ny) 


mn (nD—mD') 


mn 


0 -" v) 


= —2 cos (mx+ny). 
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the solution is 


z= ( l>i(y+~ (y+J^ *) 


+ 


mn 


cos ( mx+ny ) 


4- 


mn sin ( kx+ly)—(mk—nl) cos (kx+ly) 
(nk — ml) [( nl—mk) 2 +m 2 n 2 ] 

Caution. It may be noticed that by a different method of 

procedure such as expanding in powers of DjD' 
or D’\D> the particular integrals obtained may be 
different in form but they can be transformed 
iDto each other with the help of the complementary 
function. 

Exercises 1 (3) 


I. 


2 . 


4. 


5. 


a 8 */ 


-2 


0 3 u 


7,-3 


d 9 u 


-3 


d*u 


dx 2 a y dx a y 2 a* 2 az dx az a 


,-2 


a 3 u 


+ 6 


0 a u 


ay 8 az 1 ~ dy dz 2 

-f7 ———=0. 
T dx dy dz 

Ans. u=<f> , (z—x, .y)402 (7+2 x, z)403 ( z 43> , » *)• 


3. (Z> 3 4£ 




ar 

Ads. (y-ax)+e-° bx <f> 2 {y+ax). 

2DD , -3D-\-3D f -\-2) z=e 2 »-». 

e ? 


Ans. z=e*<f> 1 (y+x)+e ix <f> 2 (y4*)+ 


*?*—!/ 


(D-3.D'-2) a z=2e 5 * tan (y-f 3x). 

Ans. z=e 2 * [x 2 tan (y43x)4*/i (^+3x)4/a (y+3*)]. 

_ a 3 u 


a*u a 3 « 

l "I o ..3 1 


— == x 3 4y 8 4 —3xyz. 


ax^ay^az 3 axa^az 

Ans. u=<b 1 (y—x, z—x) 4«£ 2 z—o> 2 x) 

+ * 0 —*. *—*»+ fE ^S 2! +^. 
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6. (/)+/)'-l) (.04-2/)' —3) z = 4+3x + 6y. 

Ans. z=6+x+2y+e*$ 1 (y—x)+e 3x c/. a (y—2x). 

1*6. Equations reducible to Homogeneous Linear 
Form. 

An equation in which the coefficient of a differential 
coefficient of any order is a constant multiple of the variables 
of the same degree, may be transformed into one having 
constant coefficients. 


Examples 1 (4) 

1. Solve g-s %-y *,+* U-o- (Agra 19531 
Assume w=log x , v=log y. Then 

S'.* > 

dx du x* 


or. 


dz dz . d d 

x ~~ = — , so that X — = —. 

ax aw ax au 


ax \ dx) 


d 2 z 


dz a 2 z 


..(i) 


+ x rr = 


Similarly, 


ax 2 r ~ ax 9 m* 

a 2 z az_a 2 z 
: * / ^.. 


ay 2 1 , dy av 8 * 
the given equation reduces to 

du 2 av 2 • 


for which 


z=0 (m +v)+0 (v—u) 


[from (1)]. 


= 0 [log x+log y] + <P [log y—log x] 
=<f> (log xy) + 0 [log 


=fi (*>0 +/ 2 (~) • 
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2 . Solve x* |^- 4 xy J*L+4y* ^+6y d ~=x*y*. 

dx 2 ' dx dy y dy* y dy y 

, (Agfa 1957) 

As shown in the last example, if «=log x , v=log y t 

dz__dz dz_dz 

x dx~~du* y dy~ av* 


v 2 3 2z , „ dz d 3 z . d*z . dz d z z 

dx 2 dx du* y dy z + y dy^dv** 


dx 2 


Now 


dy 


\ dx) dv \duj 


yx 


d 2 z 


dx dy dvdu' 

With these substitutions the equation takes the form 
d 3 z dz A d 2 z , . d*z A dz , dz 
du 2 ~du dudv +A dv 5 ~ 4 dv +6 ^ =ce3u * c4 ° 

—4 -^- + 4 2 ?f« e au + 4 0 

a« a auav^ av* au^ av 

Denoting ~ by D and ~ by D ' in (1), 

(Z) a —4DD'+4D 2 — D+2D’) z =e 9u +* v 
[(D—2D') (D—2D'— 1)] z=e 3 ^-^. 

the complementary function is 
«/>! (v+2u)-f e u <£ a (v+2 m), 

=0! (log x 2 y)+*<£ a (log x 2 >>) 

=*£ (x 3 y)+x*Ji (x 3 y). 

P * (D—-ZD') (D—2D'—1) e3 “ +4P 


...( 1 ) 


‘(-5) (-6) 
x*y* 

30 * 
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the solution is 


z=<f> (x*y) + x<J, ( x 2 y) + 


x*y* 
30 * 


3. Solve K d ~ Z 


1 dz 


x* dx* x 3 dx 


l d*z 

y 2 dy 2 


l dz 

y ay 


Assuming x 2 =u and y 2 — v. 


l Z =f X 2* 

ax a« 


, az 0 az 

and — =2y —, 

a^ av 


so that 


or 


or 


L az_0f . J_a_ z _az 

2x'dx~d u aD 2ydy~dv 

1 9 _1 
2 ^ ax“a« 


L A (1_ 3£V 

2x dx V2x dx) 

i az + i a 2 z 


a 2 z 
au 2 

_ = d — 
4X 3 dx' 1 ' 4x* ax* 3 m 2 

the given equation reduces to 

d 2 z dz 2 


2 


or 


au- av 

al z _^=o 

a« 2 av a 

the solution is 

z=4> i (v-f u) + </' 2 (v—m) 
-*» +*•)+*» <>•-*■> 


4. So/ve x 2 |4 + 2 x^ 


a 2 « 


(Agra 1958) 


+y 2 ^=C* ! +:v')"' a . 


ax 2 • ax a>» •' a>> 

Putting x=e p , y=e°, the equation reduces to 


a^/_3M 2 A ?w , 9 *“ 
3/> 2 ‘ 3g 3g* 


—=(e**-fe 2 9)"/* 

ag 


Easy Partial Differential Equations 


(02_0_|_ 2 0<£+<j!> a —0) w=(e 2 *H-e 2 «)"' a , 
(0+0) (0+<f>— 1) 

the complementary function is 

• w=0i (q—p)+e p <f >a (?—P) 

= 0 i ( y /*)+*0 2 ( y /*). 


p. I.= 


( e ap_^gZfl)n/2 

( 0 + 0 ) ( 0 + 0 - 1 ) 
c np ^ 


( 0 + 0 ) ( 0 + 0 - 1 ) 


e np 


l +i** 


- + i &3 
+ 1.2 


e 4(fl - ,,) +.. 


(0 + 0 ) ( 0 + 0 - 1 ) 


n 


gnp_j_" g 2a+(n-*)P-|_ 


5G-0 


1.2 


g4fl+(n—l)p_|_ # # 


(0+0) (0+0—1) 


...( 1 ) 


Now for m=0, 1, 2,..., 


gjfnfl+(n-2m)p ^[2/n^+ (n—2m)jfr] 


(0 + 0 ) (0 + 0 - 1 ) 


«*-/i 


...( 2 ) 


>np 


p. I.= 




-[«+ 5 T 


« a —n 


n 2 —n 

[from (1) and (2)] 


(x*+y*) n/3 
~ w (n—1) 

the solution is 


.-*©+*.©+<3* 


+ y 2 )”/ 2 

IT 
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s - o h+> h +z u+ ” 2u=o - 

P y\ Z, 

Putting x = e", y — e , z=e , 

le x 9_=l =Dl .y^ + d =D2, zk=h~ D *> 

'' dx dl 1 y dy dr) dZ dC 

the equation reduces to 

(<L+A + <* Y u+n*u =0 

\dVd-n dU 

[(Z> x +D 8 +D 3 ) 2 -M* 1 «=° 
or l D x + D z +D z ±iri\ u=0. 

m \ u=e& * x a-Z. -n-U+e-i* * 8 (C-5, *5-5) 

=(cos n£+i sin n$) 0 X (log -, log jQ 

+ (cos nl-i sin nl) 0 2 (log log £) 

= F X (^, ^ cos (n log x) 

+ F 2 Qc’ x ) Si ° ( " 108 X) ' 


6 . 


.2 

’ dx* 


d z u 




+ 2xy 


dxdy' y dy* 

-»(* l> £)+*■+>■+*■• 

Assuming x=e p , y=e\ the given equation reduces to. if 

d . , 3 

0 denotes — ana <f>, ^ 

( 0 2 -0 + 2 6‘f> + 't> z —<t> + n)u=n (0 + </.)+e ,p +e 2a +e 3p 
or [02_0 + 200+0 2 -0 + "-' I0 -' I *J «=e 2p +e 8p + e 3p 
or [(0 + 0-1) (*+*-«)] M =e 2p + e 2a + e 3p . 

/. the complementary function is 

u=e p / x ( q-P) + e np f * (0-P> 
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© 


+ x n F< 


©• 


P. I.= 


e 2v 




(0-1-0-1) (0+</»-/i) (0+0-1) (0+0-zi) 

p3j> 

4- 


<0+0—1; (0+t-n) 


_ e z * . e 8 * 

— 2—n 2 —ri 2 (3—n) 

the solution is 


»-^.©^.©+S+ 2 lfe5 

Exercises 1 (4) 

_ - 2 3 2 Z 2 3 2 Z 

1. Solve x 2 —* =xy. 


Ans. r=0i (xy)+*0 2 log x. 


y 2 ^+2xv —ky 2 —=x m y n . 
x ,+2xy 0JC 0 +J> ^ x y . 


3* 


Ans. z =/(;)+ xf ({)+(m 


0 2 - 3 2 z +2 „ fj! + sy |f_ 2z =0. 


3. jc 3 ^i—3^ 
ax 


dx dy 


dy 


dy 


l 


Ans. z=x t <f> 1 (xy)+~ 02 (x'y) 


x > — 4-2xv +y » S -!?+x 3£+, — 2 —z=0. 

a* ,+ ax ay ay- a* a.v 


Ans. *“**i GO+i *« (0 


3^5 

0X ; 


S— y* |p=x 2 y Ans. 2=0! (xy)+x0 2 + 


x 2 y 

2 - 



Partial Differential Equations of 2nd & Higher Orders 31 


1*7. Case when linear factors are not possible. 

If F (Z>, £>') cannot be factorised into linear factors, the 
method illustrated by the following examples is to be 
followed :— 

(D — D' 2 ) z =cos (x—3y). 


Now for complementary function, we have 

(D — D' 2 )z= 0. ...(1) 

Assume that z = Ae^ +kv is a solution. 

Substituting in (1), (Ahe k *+ kv -Ae h * +kv .k 2 ) = 0 

h—k~ = 0 or h—k 2 . 


.*. the complementary function is Ae k2 * +kv where A 

<> 

and k are constants, more generally £ Ae k x+kv . 

COSjX—3}>) 1— (x _3 y) 

1# D — D L D + V 


•&=. ll cos (X - 3J,) 

= — & (D-9) cos (x-3y) 

= 8 1 a sin cos (x-3.y). 

the solution is 

z=l: Ae k{v+kx, + sV sin (x—3>’) + «& cos (x —3 y). 



or (D 2 —£>' 2 — 1) y = e 

9x* 9z- 




where D=~ and D' = ~-, 

OX 02 


For the complementary function, 

(D 2 —D' 2 —l)y=0. 

Let Ae^M be a solution. Substituting, 

Ae **+kv (h*—k 2 — 1 ) = 0 

or h 2 — k* — 1 = 0. 

Putting /i=sec a, &=tan a, the complementary function 

a„x sec a+* tan a 

is » 

where A and a are constants. 



32 


Easy Partial Differential Equations 



1 

D'--D ' 2 -! 



the general solution is 

y=E Ae x sce a+z tan e* +x . 

Exercise 1 (5) 

1. (D 3 — 2DD'+D+1) z =e**+*». 

Ans. z=S Ae hx +* [(A*+A+l)/8A]_i g te+3y # 

2. (D 2 -DD’-2D) z=sin (3x+4.y). 

Ans. z—Z Ae hty+l ' l ~ z)v -{- 1 l g [sin (3x+4y)+2 cos (3*-f4>»). 


1*8 Working rule for solving equations reducible to the 
linear form, namely 


£+** 
d r z 




dx v a>* 




Replace x r -— r by D (D— 1) (D —2).. .(/>—r-f 1) z , 

r/««v 




9x p ay« 


by D(D-l). 

(7+1) r 


and y ~ by D’ (D'-l) (D'-2).. ,(D’-s+ I) z, 

a y 

a 9 

where x=e u , and therefore x —=— =D (say), 

3 3 

y=e v , and therefore y —=—=D' (say). 

The equation will then be linear with u and v as the new 
independent variables. 

Solve all examples 1 (4) and exercises 1 (4) by this 
working rule. 



CHAPTER II 


PARTIAL DIFFERENTIAL EQUATIONS OF THE 
SECOND AND HIGHER ORDERS (Continued) 


2*0. We shall usually take z as dependent and x, y as 
independent variables and throughout this chapter we shall 
denote 


I * % * * £ bv i*Ty by 1 


and by t. 

oy 


2*1. Monge’s method of solving the equation 

Pr+Ss + Tt = V 


...( 1 ) 


where r, s , f, have their usual meanings and R , S, T and V 
are functions of x, y, z, p and q. (Agra 1963, ’56, 54, *52) 


We know 


and 


dx+ fy dy 

— r dx+s dy 

d ^f x dx+ U Jy ’ 

= s dx + t dy. 


Putting the values of r and t in (l), 

R (^ y ) +Ss+T i^ s r c > v 

or R dp dy+ T dq dx+Ss dx dy — Rs dy 2 — Ts dx 2 = V dx dy 

or (R dp dy+T dq dx-V dx dy) 

=s (R dy* — S dx dy+T dx 2 ). ...( 2 ) 

If some relation between x, y, z,p,q makes each of the 
bracketed expressions vanish, the relation will satisfy (2); 

therefore 

R dy* — S dx dy+T dx* — 0 ...(3) 
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R dp dy-\~T dq dx—V dx dy=0. ...(4) 

Now it may be possible to get one or two relations bet¬ 
ween x, y, z, p, q called intermediate integrals, and then to 
find the general solution of (1). 

If (3) resolves into two linear equations in dx and dy 

such as 

dy—m x </jc= 0 and dy—m t dx—0, ...(5) 

from one of the equations (5) combined with (4) and if 
necessary with dz=p dx-\-q dy, we may obtain two integrals 
u i =a and v x — b; then 

«i=/i ( v i). 

where f x is an arbitrary function, u x is an intemediate integral. 

Proceeding similarly from the second equation, we may 
get another intermediate integral u a =/ a (v a ). 

From these two integrals we may find the values of p 
and q and putting these values in dz=p dx + q dy and inte¬ 
grating it we get the complete integral of the original 

equation. 

If either of the intermediate integrals may be 

integrated to give the solution of the given equation. 

Examples 2 (1) 

1. Solve r=a 2 t. (Agra 1962, 1959) 

(This can be easily solved by the method discussed 
in the last chapter. Here we solve it by Monge’s 
Method.) 

Putting r ^ dP ~ d S x d y and in the given equa¬ 
tion, dp dy—a 2 dx dq = s ( dy t —u 2 dx 1 ). 

So the subsidiary equations are 

dy 2 -a 2 dx 2 = 0 ...(1) 

dp dy—a 2 dx dq=0. ..•(-) 


and 
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From (1), 


dy+a dx=0, ...(3) 

dy—a dx= 0. ...(4) 

Taking (3) and combining with (2), we get 

dp + a dq=0. 

* p+qn=A. 

Also y+ax=B. 

p+aq=* x (y+ax) is an intermediate integral. 

Similarly p-aq = <t> 2 (y-ax) is the second intermediate 

integral. 

From these, 

p = \ (<f> l (y+ax)+<b 2 (y-ax)} 

and i (y+«>-** (y-ax)). 

Substituting these values in dz=p dx+q dy, we have, 
dz = \ ['A t (y+ax) + <f> 2 (y-ax)] dx 

+ 2 ^ ^ >x 0 ' +a **“** dy 


or, + 


dy—n dx 


r/, 0 (y —ax), 


1 ” — 2a 

or, z=/t (y4-ax)+/ 2 (y-ax). 

2. Solve 

(b+cqfr—2 (b+cq) (a + cp) s + (a + cp) 2 t = 0, 

(Agra 1962, 1959, 1956) 


Putting 


dp — s dy dq — s d x 

r== —rfx - ' dy ’ 

{ b + cq y dp ~~ — 2 (b + cq) (a+cp) s 

y ^ OX 

x9 ^/r/ — ^ 

+ (a-fc/>) 2 —- dy =0. 

the subsidiary equations are, 

(6-fcg) 2 dy 2 +2 (b+cq) ( a+cp) dx dy+(a + cp)* dx 2 =0, .. .(1) 

(b + cq) 1 dp dy+(a + cp ) 2 dq dx = 0. ...(2) 

From (1), (6 +eg) </>>+(<*+ < 7 >) rfx=0 ...(3) 
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...(4) 


...(5) 


Combining it with (2), 

(b+ cq) dp—(a+cp) dq= 0 

from which 

and therefore, (a+cp)=A {b+cq). 

Also from (3) and dz=p dx+q dy , we get 
' a dx+b dy+c dz*= 0 

or ax+by+cz=B. 

from (4) and (5), 

a+cp = (b+cq) <f> ( ax+by+cz ). 

• dx = dy — dz — a dx4 ~ b dyJf ~ c dz 
c — c<f> — a+b<b 0 

where </> stands for <f> ( ax+by+cz ), 

so that ax+by+cz=K x 

dx dy 

c=-c* (K t Y 

Integrating, x</> — y+K*. 

y+x<j> ( ax+by+cz)=*p ( ax+by+cz ). [as AT 2 =0 

3. Solve r+(a+b) s+abt=xy. (Agra 1955, 58) 

dp—s dy __ j „ dq—s dx 

• - J- i 


...( 6 ) 


and 


• t-' ** 

Putting r=— 


and 


dy 


dp --°- dy +(a+b)s +ab d ^ y dx = X y 


or 


dp dy+ab dq dx—xy dx dy 

=s [ dy 2 —(a+b ) dx dy+ab dx 2 ]. 

.*. the subsidiary equations are 

dy*—(a+b) dx dy+ab dx 2 =0 
and dp dy+ab dq dx=xy dx dy= 0. 

From (1), dy—a dx= 0, 

dy—b dx= 0, 

y—ax=c lt and y—bx=c 2 . 


...( 1 ) 

...( 2 ) 

...(3) 

...(4) 


whence 
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Combining these with (2), we get 

a dp + ab dq—ax (c x +ax) dx —0 
and b dp-\-abq—bx (c 2 -f 6 x) dx= 0 . 


x 2 ax 3 


or 


p+bq—c x 


2 


bx 3 


p+aq-c 2 - 2 --f = B 


x 2 ax 3 


or 


p + bq—(y—ax) ^ -j =</>i (c 2 ) = (y—ax), 

bx 3 


p-\-ap—(y—bx) —— -j =«/> 2 (^ 2 ) = ^ ( y—bx). 
Solving, 

|j^ (a—b)—(a 2 — b i )*£+a't> x (y — ax) — b<fr z {y— 6x)J, 

(a — &) + </>! (^-ax)-^ (y-6x)J. 

Putting these values in dz =p dx-\-q dy. 


+ 


X 3 <£ x (>> — OX) , </>2 —6x) 


~x 3 (y- 

_6 a — 


+ 




(0 + 6 ) x 3 , , 3x 2 j> dx+x 3 dy 
6 6 


1 


— —~ b [tfi (y — Qx) (dy-a dx)] 
+ a (,y-&x) (^-Wx)] 

^=—b-axH-^ (y-bx). 

Note. This question could be solved by the method of 1st 
chapter also. 

4. So/ve q(l+q) r—(p + q+2pq) s+p (1-bp) t = 0. 

(Agra 1957) 
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dp—s dy _ dq—s dx 
Pulling r =— 

( 9 +g 5 ) d -£=£^—(.p + q+2pq) s+p (1+p) - 9 f y *=° 

or Uq+q 2 ) dp dy + (p+p') dq dx] 

=s [(?+? 2 ) dy‘+(p+q+2pq) dx dy+iP+P ) dx ]• 

/. the subsidiary equations are 

(q + q 2 ) dp dy+p O+p) dq dx=0 ***^ 

and \(q + q 2 ) dy 2 +(p+cj + 2pq) dx dy+(p+p 2 ) .. (2) 


From (2), 


..(3) 
.(4) 


..(5) 


..( 6 ) 

..(7) 


...(B) 


q dy+P dx^=0 

and (l+<7) dy+O+p) dy=0. 

From (3) and dz=p dx-\-q dy, we have 

dz=0, or, z=C x 

and from (4) and dz=p dx + q dy t we have 

dx+dy+dz=O t 

or, x + ;p+z=C 2 . 

Now combining (3) with (1), 

(< 7 + 1 ) dp — (p+1) dq= 0. 

and combining (4) with (1), 

q dp—p dq=0 

i e dp-dq = 0 [from (7) and (8)] 

or p—q=k l =<f>i (C 1 )=*/»i (*)• 

. dx_ </y _ dz 

** 1 -l Vi (-) 

or (zJ+^-F^zl + F^C,) 

= F t (z)+F 2 (x+y+z). 

5. Solve q*r—2pqs+p 2 t=0 and show that the integral 

represents a surface generated by straight lines which are 

parallel to a fixed plane. (Agra, ) 

dp—s dy dq—sdx 

Putting r= - dx —* a "d t = -^-, 

(q 2 dp dy+p 2 dq dx) = s (q* dq* + 2pq dx dy+p 2 dx*). 
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the subsidiary equations are 

q 2 dp dy-\-p 1 dq dx —0 
q dy-\-p dx= 0. 

Also dz = p dx-\-q dy— 0. 


... 0 ) 

...( 2 ) 


From (1) and (2), 


or 

or 


z—c. 

q dp—p dq=0 
plq=k=f(c) 

P — <lf(c) = Q. 

dx_ dv 

1 ' 


dz 

O’ 


-/(c) 
y4-x f (c)=K=F (c) 

or, y+xf(z)=F (z). ...(3) 

The integral of the differential equation is the surface (3) 
which is the locus of the straight lines given by the intersec¬ 
tions of planes y+xf (c)— F (c), and z — c. These lines are 
all parallel to the plane z = 0 as they lie on the plane z = c for 
varying values of c. 

6. Solve r-a 2 t-{-2ab (p-\-qa) = 0. 


Putting 


dp—s dy 
r— - and 




dx 


we get 


or 


dx ' dy 

dp dy — a 2 dq dx-\-2ab (p-\-aq) dx dy=s ( dy 2 — a 2 dx 2 ) 
the subsidiary equations are 

dy 2 —a 2 dx 2 = 0, 

dp dy—a 2 dq dx+2ab ( p-\-qa ) dx dy= 0. 

From (1), y-f ax=a, 

y—ax=(3. 

From (3) and (2), 

dp+a dq+2ab (p+qa) dx =0 
dp+aJ<,^_ 2ab ^ 
p+aq 

log (p+ qa)=— 2abx+\og c , 


...( 1 ) 

...( 2 ) 

...(3) 

...(4) 
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«• 8-t 


. p+aq = {p±aq) = p—tobx 

•• /(«) 

or P+qa=f («) e" 2fl6ai . 

. dx dy _ dz 

•* 1 " a f (<x) er' iat>x ' 

Integrating, =z-\-k—z+<fi (ft) 

or, z=/i (y+ax) e’ 2 <»*+f 2 (y-ax). 

7. So/ve r —/ cos 2 x+P tan x=0. 

Putting 

dp dy— cos 2 x </x <fy+p tan x dx dy 
=s (dy 2 — cos* x dx 2 ). 

the subsidiary equations are 

dy 2 —cos 2 x dx 2 =0, 

dp dy— cos 2 x dx dq+p tan x dx dy=0. 

From (1), y=sin x+a, 

y— —sin x+/3. 

From (2) and (3), 

cos x dp— cos 2 x dq-\-p sin x dx=0 
or sec x dp—dq-\-p tan x sec x dx=0 

or P sec x — q = c l =f (a) 

«/ (y—sin x). 

. dx _ dy _ _ dz _ 

*' sec x —l /(y—sin x)‘ 


and hence, / (y—sin x) 


(dy —cos x dx) 


——dz. 


...(5) 


...( 1 ) 

...( 2 ) 

...(3) 

...(4) 


F (y —sin x)+2z=c a = G (ft). 

F (y —sin x)+2z=G (y+sin x). [from (4)] 
8. Solve (x—y)(xr— sx—ys+yt) = (x+y) (p-q). 

(Agra 1963, 1954) 


Putting r — 


dp—s dy 
dx 


, dq—sdx 
and f= — dy~* we get 
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Vc-,) 0 dp ^-s X -ys +y (p-4) 

or x (x—y) dp dy+y (x—y) dq dx—(x+y) (p—q) dx dy 

= s [x (x—y) dy 2 +(x+y) (x—y) dx dy+y (x—y) dx 2 ]. 


the subsidiary equations are 

x dy*+(x+y) dx dy+y dx*^0 ...(1) 

or x (x— y) dp dy+y (x—y) dq dx—(x+y) ( p-q ) dx dy= 0. 

...( 2 ) 

From (I), x dy+y dx=0 ...(3) 

and dy+dx= 0 ...(4) 

or xy=<x and y+x=(3. ...(4') 


From (3) and (2), 

—y (x—y) dp+y (x—y) dq—(p—qY[-y dx+y dy]=0 

or (x—y) (dp—dq)=(p—q) (dx-dy) 

dp—dq_dx—dy 
or p-q x-y 

or log (p-?)=log [(x— y).k]. 

hence, using (4'), (p — q)—(x—y)f(xy). •••(5) 

From (4) and (2), 

—x (x-y) dp+y (x—y) dq-(p-q) (x dy—y dx) 

or (x-y) (x dp-y dq)=—[ px dy-qx dy-py dx+qy dx] 
z=(px—qy) dx-(px-qy) dy-px dx-qy dy 

+py dx+qx dy 


or 

or 


= — (px—qy) (dy — dx)—(p dx—q dy) x+(p dx—q dy) y 
(x—y) (x dp-y dq+p dx-q dq)=(px—qy) (dx—dy) 
x dp+p dx—y dy—g dy _dx — dy 
px—qy x—y 

log (px—qy)=\og C (x—y). 

Hence, using (4'), px-qy=(x-y) <f> (x+y). .. .(6) 


Solving (5) and (6), 

p=<i> (x-f y)-yf(xy), 
q—'l* (x+y)—xf(xy). 
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Now dz=p dx+q dy 

=[<t> (x+y)—yf{xy)] dx+[<f> (x+y)-xf (xy)] dy 
=<t> (*+>>) (dx+ dy)-f{xy)[ydx±x dy). 
z=ip x (x+jO+0* (xy). 


Exercises 2 (1) 

1. x 2 r+2xys+y z t=0. Ans. z=f (y/x)+xF (yjx) 

2. x 2 r-y't= 0. Ans. z=xf(y/x)+F (xy) 

3. r-2fls-fa 2 /=0. Ans. z=xf(y+ax)+F (y+ax) 

4 . 2x 2 r— 5 xys + 2y 2 t + 2 (px+qy)=0. 

Ans. z=f(x*y)+F (xy 2 ) 

5 . y 2 r-2ys+t=p+6y. Ans. z=y 3 -y<t> (2x +>*)+/( 2x+y 2 ) 

6. pt -qs=q \ Ans. y=zx+/(z) + F (X) 

7 . a+q) 2 '—2(\+p+q+pq) s+(i+/>) 2 t=o. 

Ans. y=f (x+y+z)+x F ( x+y+z ) 

8. xy ( t-r) + (x'-y 2 ) (s-2)=py-qx. 

Ans. 2=/(x»+>' 2 )+F(y/x)4-^ 

2-11. When, ia the Monge's form of the equation 

Ss-\~ Tt= V, 

R, S, T are constants tjie equation can be better solved by 
methods of Chapter 1. 

Examples 2 (2) 

1. Solve r+s—6t=y cos x. (Agra 1961, 1963) 


or 

or 


We have 


d 2 z, d'z 

dx 2 dx dy 


-6 


a* z 

—,=y cos x 

dy 3 


(D 2 +DD'—6D' Z ) z=y cos x 
(D+3D') (D—2D f ) z=y cos x. 

The complementary function is obviously 

[y—3x)+<f> 2 (y+ 2x). 

The particular integral is 

y cos x 

D 2 + DD’ -6 D ,z 


• • • 


(1) 
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_ y cos x 

i+DD'-bD ' a 

{(- 1 - 6D' 2 ) _ DD'} y cos x 
= —/)*/>'* 

—y cos x — Z> (cos x) 

(T+6 D' z ) 2 — 

_—y cos x-f sin x 

“ (1 + 6 />'*)*— 

—y cos x-f sin x 

~ (l +6D' i )M : Z)' 2 

= (l*f 13£)' 2 4-36Z)' 4 )- 1 (—> cos x-f sin x) 

= — y cos x-f sin x. ...(2) 

Hence adding (1) and (2), the complete solution is 
z=0 4 (y—3x)-f 0 2 (y+ 2x)-y cos x-f sin x. 

2. Solve 4 (r-s) + t=16 log (x + 2y). (Agra 1960) 

We have 4 (g-gQ+g-K .eg <*+*<> 

(4D 2 — 4DD' + D' 3 ) z= 16 log (x-f 2y) 

(2D — D') 2 z== 16 log (x-f 2y). 

The complementary function is obviously 

(2>»-fx)-fx 0a (2>>-fx). ...(1) 

The particular integral is 

_ 16 log (x-f 2^) 

Z_ (2 D-D’) 2 

“ 16 '2*T2 !) 106 (X+2y) 

= 2x* log (x-f 2^) [(F) of II Art. 1*33] 

...( 2 ) 

Thus by (1) and (2), the CQmplete solution is, 
z=4 , i (2y+x) + x (2y-f x)-f 2x 2 log (x-f 2 y). 
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Solve : 

r+(a+b) s+abt=xy. (Agra 1958) 

Ans. [y-ax)+ 1 > 2 {y-bx)+ X ^—{a+b) . 

r-6.y-f9/=12x 8 -f36*y. 

Ans. z=<f> l (y+3x)+xt a (y-f-3*) +10*«+6x 8 y. 
r-s-6t=xy. Ans. z=<j> t (y+3x)+'f> 9 (y-2x)+^+ 

6 24 

r-2s+t*=l2xy. Ans. z=<fr x {y+x)+x<t> 2 (y+ x )+2x*y+x*. 
log s=x+y (or s=e x ^). Ans. r = </» 1 (x)-f- (y) + e *+v. 

r-a*t=x. Ans. 2 = 0, (y + ax)+<f> a (y-ox)-f (x 3 /6). 

AOS. •4 1 0’+*) + <k0’-*) + ?--i*V. 

o 


10 . 


11 . 


12 . 


13. 


14. 


r—2j+/=sin (2x-f 3y). 

Ans. 2=./., (y- f *)+*0 2 (y-f*)—sin (2x+3y). 
r-f 3j+2f=x+y. (Agra 1952) 

Ans. z=tf> (y- x ) + <f, 2 (y-2x)-f- ( -4^~. 

JO 

2r — 5^-f-2/ = 24 (*-y). 

Am. r=0, (y-f-2x) -f-0 3 (2y+x) + J (y-*) 3 . 
r+t =30 (2x+y). 

Ans. 2=0, (y+ix)+0 2 (y—/*)+(2x+y) 3 . 
r-55 + 4r = sin (4x+y). 

Ans. 2 = 0, (y+x)+0, (y +4.y) + x ^osJ4x±y)^ 
r—6s+9f=6x+-2y. 

Am. 2=-A, (y+3x)+X'/> 2 (y-h3x) + x s (3x-f-y). 
r—2as+a*t -f (y-f ax). 

Aos. .-=0, (y+ax)+x-K_ (y+ax)+? f( y+ax ). 
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15. r— 2s+t=x+$ (x+y). 

x 3 x 2 <i> (v+x) 

Aqs. z=<f> x (y+x)+x <f> 2 (y+x)+g--\ -^ - • 

16. r+2s+t =*2 cos y — x sin y. 

Ans. z=<f> x O'— x)+x<t> 2 (y—x)+x sin y. 

17. r — s —2t=(y — 1) e x . Ans. z=<f> x (y + 2x)+<f> 2 (y—x)+ye*. 
2*2. Monge’s method of integrating 

Rr+Ss + Tt + U (rl—s 2 )=V p ... (F) 

where R t S, T, (J , V are functions of x, y, z, p , q. 

As before, put, r=(dp — s dy)jdx 
and t={dq — s dx)ldy. 

The equation reduces to 

R dp dy+Tdq dx+ U dp dq-V dx dy 
— s (R dy 2 —S dx dy+T dx 2 +U dp dx+U dq dy) = 0 
or N —A/ 5 = 0. 

So far we used to factorise M, but on account of the 
presence of U dp dx+V dq dy t the factors arc not possible ; 
so let us try to factorise M+XN, when A is some multiplier 
to be determined later. 

Now XN+Af 

=A (R dp dy+ T dq dx+ U dp dq-V dx dy) 

4 -(R dy 2 -S dx dy+T dx 2 + U dp dx+U dq dy) 
= R dy 2 + T dx 2 -(S +XV) dx dy+U dp dx 

+ U dq dy+XR dp dy + XT dq dx+XU dp dq. 

Let the factors of the above be 

a dy+ft dx+ y dp and a dy+fi' dx+y' dq. 
Equating coefficients of dy 2 , dx a , dp dq in the product, 

*«'=/?, PF = T, vy ' = A U. 

Now if we take 

<x — R, a'= I, P=kT, P' = (l Ik), y — tnU, y' = A/w, 
equating the coefficients of the other five terms, 

kT+Rlk=-(S+XV), ...(1) 
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A R/m = CJ, 

...(2) 

kTXjm=XT, 

...(3) 

mU=\R, 

...(4) 

mUlk=U . 

...(5) 

From (5), m=k and this satisfies (3). 

From (2) and (3), m=\RjU—k. 

from (1). A 2 (RT-FUV)4-AUSfU 8 = 0. 

...(6) 


The first step in practical working is to form the equa¬ 
tion (6) in A and to determine the two roots A, and A, of this 
equation. 

So if Aj is a root of (6), the factors of M+ XN are 
( R dy+\ -J- dx + \R dp') dx- f-^ dq) 

or ~ (U dy-\-T\ x dx + \U dp) ^ (A X R dy+U dx+\ x U dq). 

Similarly if A 2 is a root of (6), the factors corresponding 
to it are 

dy+TX 2 dx + X 2 U dp)y. ~ (A a R dy+ U dx+\ t U dq). 

Now we may obtain two integrals u x =a lt v x =b x of the 
equations 


and 

or 


...(7) 


U dy + AjT dz+AjU dp=0 
U dx-f AoR dy + A 2 U dq=0 
wc may obtain two integrals u,=a 2 , v,=6 a of the equations 

U dy + A 2 T dx+A a U dp = 0, 

U dx + A 1 R dy+A t U dq = 0. 


! 

tl 

} 


...( 8 ) 


Sets of equations (7) and (8), when written down, 
constitute the second important step in the solution of the 
given equation (F). 


We thus get two intermediate integrals u x =--f x (v x ) and 
u z=fi (»’s) and substituting in dz=p dx+q dy, the values of 
p and q obtained from the two intermediate integrals, we get 
the solution after integrating. 
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2*3. In case the two roots of the equation (6) in § 2*2 
arc equal, we shall get only intermediate integral u x =f (v t ) 
which together with one of the integrals u x =a x and v x = b x 
will give values of p and q suitable to solve dz=p dx-\-q dy. 

2*4. If it is not possible to obtain the values of p and q 
from the two intermediate integrals u x =f x (v x ) and u 2 =f 2 (v 2 ), 
suitable for intertion in dz=p dx-\-q dy , we may take one of 
the intermediate integrals say* u x =f x (v x ) and one of the 
integrals from u 2 =a 2 and v 2 = b 2 . 

The values of p and q obtained from these and subs¬ 
tituted in dz=p dx-\-q dy will give the solution of the given 
equation. 

Examples 2 (2) 

1. Solve ar-\-bs+ ct + e (rt — s 2 ) = h where a, b , c, e and 
h are constants. (Agra 1952) 

Here R=a t S=b, T=c , U=e, V=h. 

The equation in A is 



X 2 (ac + eh)+Xbe + e 2 =0. 

...(I) 

Putting 

A = — elm. 

...(2) 

(1) becomes 

o 


or 

m 2 — bm(ac -f- eh) = 0 

...(3) 


If m x% m 2 are the roots of (3), the first system of inter¬ 
mediate integrals is given by 

U dy-\-X x T dx+\ x U dp=O t 

U dx-\-X 2 R dy+\ 2 U dq=0, 

e dy+ (,~^) c dx+ (~0 e dp=0 - 
e dx+ (-,l) a dy +(-,*:) e d “ =0 


i.e. by 
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...(4) 

...(5) 
from (4) 


or by c dx+e dp — m l dy=0, 

a dy+e dq—m t dx =0 ; 
so one of the intermediate integrals is 

cx+ep—m x y=f (ay+eq—m 2 x). 

Similarly the second intermediate integral is 
( cx -f ep —/77 2 y) = F (ay -f- eq — m x x). 

It is not possible to get the values of p and q 
so we combine (4) with cx -\-ep—m z y—A. 

Thus we have 

(m 2 —m x ) y+A=f (ay + eq—m 2 x) 
ay+eq=»i 2 x+ <t> [(m 2 —w x ) y+A) 
where </> is inverse function of/. 

This gives q , and cx+ep—m 2 y=A gives p. 

Substituting these values in dz=p dx+q dy % 

e dz=(A—cx+m t y) dx + [—ay+m z x+<!> {(w a — m x ) y+A}] dy. 

Integrating, 


(5) 


or 


cx 2 , av- 


+ "t- Y = =»'z x y+A x +tfj{(m 2 —m l )y + A}+B 

i //a h it) dt 

where 0(0= --—. 

m t — m x 

2. Solve 

: (J + q~) r—2pqzs + z (J+p 2 ) t—z * (s 9 —rt) + 1+P 2 + q 2 =0. 

(Agra 1953) 

Here R=z (1 +q 2 ), S=—2pqz, T=(l+p 2 ) z, 

U=z\ K=-(l +p*+q*). 

The equation in A is 

{RT+UV) \ z +\US+U*=0 
z 2 \ 2 p 2 q 2 —2Az a pq+z t =0 
p 2 q 2 \ 2 — 2zXpq + z 2 = 0 

\=z/pq. (roots are equal)* 

the system of intermediate integrals is given by 
U dy+XT dx + XU dp = 0, 

U dx + XR dy + XUdq=0, 


or 

or 

or 
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by 

pq dy+(\+p 2 ) dx+zdp— 0, 

...0) 


p<7 </x+(l+9*) d[y+z ^=0. 

-..(2) 

Also 

dz—p dx+q dy. 

...(3) 


We write (1) as 

dx+p (p dx+q dy)+z dp = 0, 
With the help of (3), it reduces to 

dx+p dz+z dp —0 
or x+pz—a. 

Similarly from (2) and (3), 


or 

or 


y+zq=p. 


Putting the values of p and q in dz*=p dx+q dy , 

-—- dx+-— y dy 
z z 

—z dz=(a — x) (— dx)+(p—y ) (-dy) 

(«-*)*_, W-y) 2 . , 

”2 2 2 


or z*+(x-a) 2 +(;y-/3)*=y a 

where a t /?, y are constants. 


or 


or 

or 


3. Solve (l + q x )r—2pqs+(l+p 2 )t 

+ (l+P*+q t )- 1,a (rt-s')=-(l+p*+ q *)*i*. 
Here R=(l+q 2 ), S=—2pq t T=(\+p 2 ) t 

U=(l+p 2 + <?*)-> ' 2 , V= - (1 +p 2 + q')*/\ 


The equation in A is 

( RT+UV) \ 2 +XUS+U 2 —0 

[<!+/>*) d+q 2 )-(\+P % + q')] A* 

( — 2 pq) 


+ A 


+ 


1 


V(1 +P+q i ) \+p 2 +q 2 
*p'q z (1 +P 2 +q 2 )-2pqy/( 1 +P* + q') A + 1 = 0 

A ° ^V(i +;>*+■?*) (root8 being equal) - 


=0 


We ggt only one system which will give only one 
intermediate integral. 
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The system is 


U dy+\T dx+\Udp=0, 

U dx+XR dy-\-\Udq=0, 

<1+P 2 > . dp 


1 , , (1 +P C ) ,. , a P —n 

VO+/>*+$*> pqVV+P**?) ^pqil+P'+Q*) ' 


1 


(l + g*) 


V(H-p 2 +r) 

or 


dx+ 




dq 


= 0 


or 

or 

or 

or 


pqV 0 +p*+q 3 ) ' pq U+/> a +0 8 ) 

P‘1 dy+O+P') ^+^fqr^= 0 ' 

w rf *+<>+?’) »+ V( n-'? i + 7 ) ° 0 ' 

Eliminating dy t 

[(l+/> a ) (i+<7*)-/>V] 

+ [(l +q*) dp-pq dq]\y/(\-\-p t -\-q i ) 

^v_L (1+g2) dp- P<l dq _q 

. ■ fH-/> 8 + <7 8 ) (p 2 dp+pqdq) n 

■^ (1 -H/?* ^) 3 /* (l+/> a +?V /a 


^ +(1+p 3 + 9 » r ., 


*+p (l-+-/> 2 +<Z 3 )” ,/,= = a - 
Similarly eliminating dx 9 

y+q (l +p'+q-)~ v2 =P- 

From (1) and (2), 

( x—a)_p 


(y—P) q 

Substituting in (1), the value of p as found from (3), 

_.v—£_ 

q vu-{<*-«) , +o'-mr 

Similarly from (3) and (2), 


...( 1 ) 


...( 2 ) 


...(3) 


P= 


AT—a 


V [ 1 -{(x - «)*+<>-£)■}] * 
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Now, 

dz=p dx+q dy 

or 


(x— a) dx + (y — jS) </y 

VC 1 —{(^c—«)*-!-(>.—/3)*}]- 


Integrating, 

(*-y) =-[l-{(x—a) 2 +(>>-/?) 2 }]*' 8 

or 


(z —y) 2 = 1 -[(JC-«)*+(j>-0) f ] 

or 


(x — a)*+0>— (3) 2 +(z — y) 2 = 1. 


4. Solve 

s 2 —rl=a 2 

or 


rt—s z =—a 2 . 


Here /? = 0, 5 = 0, T= 0, U= 1. V=-a* 

,\ the equation in A is 

A 2 (—a 2 ) + A.0+1=0 
or A=+l la. 

The two intermediate integrals are given by 

— dy — - dp = 0, ^ 


— dx+- dq = 0. 

a J 

1 


— d y+\ d P 


o. 


I 


From (a). 


and from (b), 


} 

} 


...(a) 


...(b) 


...(c) 


...(d) 


— dx—1 dq = 0. J 

p+ay=F( a) 
q — ax=ct 

p—ay — F(p) 
q+ax = 0 

i.e., the two intermediate integrals are 

p+ay=f (q—ax) 

and p—ay&F^q^-ax).. 

Now since it is not rassible to find the vafues^bf p and 
q from (1) and (2), we p/o$eed as follows. Suppose ct, /3 are 
not constants, but parameters*:. • ^ | 

> 4* \ \ 


r\ 


...( 1 ) 

..•( 2 ) 


» ] 

* «> 4 
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Solving (c) and (d). 


/3—a a+jS 

*= 2a“ # q= 2‘ 

...(3) 

p=i [FM+fm, 

y=Y a i F («)-/(« j. 

...(4) 

...(5) 


Substituting these values in dz=p dx+q dy, 
dz 


~ [f <«)+/( 0 )] W-rfi)+“t S [F» dai-f'i)3) dp] 


= ^ [{F (a) dp+ftF' (<x) dx)-{f 03) dx+xf </3) dp)] 
+ ^ [{/» + W dx]-{f(P) dp+Pf (P) dp]] 

+ 1 [2f(P)dp-2F (a)dn], 

1 


Z= 4« C/?/r <«>“«/<0-0/<0+«*(«)] 


+ 


f ( «)* 

[fW («+«-/(|8) G 03)-^ * (ot) 

1 a «-i * W . 


or 

z—qy = 4 j l (q+ax) + 'f> 2 (q-ax) 

[from (3) and (5)] 

where 

* W =J * 

.•.(6) 

and 

^ ST ^ 

...(7) 


Hence the primitive is 
z—qy=jj l (q+ax)+il> 2 (q—ax) 

—y='Pi (q+ax)+>p 2 ' ( 7 —ax) [from (5), ( 6 ), and (7)]. 
5. Solve 


V+ (p+x) s+yt+y(rt—s 2 )= - 
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Here R=q, S=(p+x), T=y, U=y, V~—q. 

The equation in A is 

*?[qy-qy]+\.{y) {p+x)+y 2 *= 0 
or, A=oo, or A = — y\(p +x). 

the intermediate integrals are given by 


V s v* 

y dy — — dx— dp= 0 ^ 

P+x p+x y 1 

~ dx + q dy+y dq = 0 j 

...(a) 

ydx—SjLjy-tg-O) 

P+X ' p+x 1 

...(b) 

~dy+ydx+ydp = OJ 


From (a), [(P+x)ly]—<x t 

...0) 

qy=F (a) 

...(2) 

or one of the integrals is 


qy=F[(p+x)ly). 


From second equation of (b). 


p+x*=(3; p y --=»a [from (1)] 

...(2') 

or p=(3—x 

and from (2) and (1), 

...(3) 


[from (2')J 

-g.F(«> [v from (1) and (3),^ 

II 

• 

• 

• 

£ 


Now, dz=*p dx+q dy 


=(P—x) dx+ c ~ F («) dy [from (3) and (4)]. 
z^px-f+?F(«)y+k 
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* V* 1 

-e*-2 + i F 

Qr+*m 

or, 

z=px- x ^+FC 

!)+* <»• 


Exercises 2 (2) 


Solve :— 


1 . 

xqr+ypt+xy (s 2 —rt)=pq. 

Ans. a4-z=Ffa) x 2 +f(a)y*. 

2 . 

2 s+(rf—s 2 )= 1 , 

Ans. z=xy—k l x+k 2 y+c. 

3. 

r-h3s + t + (rt—s 2 ) = 1 . 



Ans. 2 = - 

(x—y) 2 —4> (oc)+0 (/3)+/3.y. 

4. 

3r+4s+t+(rt-s 2 )=l. 



Ans. z=2xy-\ (* 2 -f-3 y 2 ) + nx + Jj {y+mx) 


Finding the equation of a surface under given conditions. 

Examples 2 (3) 

1. Find a surface passing through the parabolas 
z = 0, y 2 =4ax and 2 = 1, y i =—4ax 
and satisfying the equation 

xr+2p=0. 

Now xr+2p = 0 

or x^+ 2 p =0 or, x*^+2xp=0, 

which gives x 2 p=f(y) 

or p= l -*f(y) 

giving z= — -f{y)+F{y), by integration. 

Now this passes through z = 0, y 2 =4ax . 

0=- 4 £f(y) + F(y). 

Also it passes through z= 1, y 1 —— 4ax. 

i = ~yf{y)+F(y), 

F(y)=h f(y)=y 2 ISa. 


from which 
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Hence the required equation is 

or 8azx=4ax—y 2 . 

2. Find a surface satisfying r+s=0 and touching the 
elliptic paraboloid z=4x z +y 2 along its section by the plane 
y—2x+l. 

Now r+5=0 


i.e. 

or 


• • 


--f+ - “ =0 

dx- dx dy 
D (£> + £>') y= 0. 
the solution is 


and 



z=f{y—x)+F(y). 

...(a) 

Now 

p=dzldx= —f (y—x) 



q=dzldy=f’ (y-x)+F’ (y). 


Also from 

z = 4x 2 +y 2 , 

... (a) 


p = dzldx==8x. 



11 

• 


The values 

of p and q under the given condition 

for the 


two surfaces for any point on y=2x-\-1 should be equal. 

Equating the two values of p and q for points on 
y=2x+l, 

-f'(y—x)=8x t ...d) 

f’(y-x) + F' (y) = 2y ...(2) 

y=( 2x+l) ...(3) 

or —/' (y—x) = 8(y—x— 1) [from (1) and (3)J. 

= 8 {y-x) + K 1 . 

or f{y—x) = — 4x 2 —4y 2 + 8xy+8y-8x—K x . ...(4) 

Also — 8x+F'(y)=2y [from (1) and (2)] 

P’ (y) = 2y+8 
= 6y—4. 


or 


[from (3)] 
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/. F(y)=3y*-4y+K t . ...(5) 

z=—4x 2 —4>> 2 -f 8 *j»+ 8 >>—8x+3>> 2 —4,y-K. ...(b) 

[from (a), (4) and (5)] 
Now equating the two values of z from (a) and (b) when 
y= 2 x 4 - 1 , the result is 

c=—2, 

or z+4x 2 +y-— 8 a>'+ 8 x— 4>>+2=0 [from (b)]. 

3. Find a surface passing through the two lines z=x=0, 
z— I=x—y=0, satisfying r—4s+4t=0. (Agra 1963) 

Here r _ 4 .s+ 4 /= 0 , 

(D 2 -4Dl>'+4Z>' 2 )z=0, 

(. D-2D’) 2 =0 . 

.*. z=4> O’+2x)+x0 (y+2x). ...(1) 

Now since the surface passes through 

x=z=0 and z— \—x—y=0, 

<j> [2x+y)=0, x=0, z=0. 

1 =<f> (2x+y)+x</> ( 2 x-\-y) t x-y= 0 . 

* < 2 *+>>= aDd JC "-’ ,=0 

= 3 

( 2 x+y)' 


Also </* (2jc+>0 = 0. 

.*. from ( 1 ), the required equation is 


2 * 2 x+.v 

or z (2x+y)=3x. 

4. Find a surface satisfying 

2x*r—5xys -f 2y-t+2 (px+ qy)=0 
and touching the hyperbolic paraboloid z=x*—y 2 along its 
section by the plane y=l. (Agra 1960) 

Here 2x 2 r —5jcj\s-f 2> ,8 /+2 (px+qy)=0 
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Putting x=e u , y=e v and denoting - by by D\ we 

get [2D (D—\) — 5DD’-\-2D' (D'—\) + 2D-\- 2D'] z=0 


or 

or 


(2D 2 —5DD'-\-2D' 2 ) z=0 
(2£>-/)') {D-2D') = 0. 

z=<t> x (2v+zz) + 0 2 (v+2m) 

= </>! (log J» 2 X) + 0 2 (log X 2 j) 

= 0i (y**)+0 2 (* a y)- 


..(F) 


Now 


0 z 

ax 

az 

ay 


:p=y 2 l fj l > (/x)+2x>’0 2 ' (X 2 y), 
= q = 2xy 0i' (rx)+x 2 0»' (x 2 y). 


or 


Also from z = x s -y 2 . 

dzidx=2x, dzidy=—2y- 

Equating the values of/? and q for points on y=l, 

2yx0o' (x 2 y)+y 2 0i' (y 2 x) = 2x. 

2yx0/ (y 2 x) + x 2 0 3 ' (x-y) = -2y. 

From these two equations, 

3yx z 0 2 ' (x 2 >-) = 4x 2 + 2y 2 

-3xr0,' (> 2 x) = 2x 2 +4y 2 . 

Writing them as, 

0-**)—U ^ + s] = "[3 x/ + 3x?l 

(for y=l). 

/. 02 (x 2 y) = : }x 2 y + ^ log (x 2 y) + c, .. .(2) 

0 , (y 2 x)= - (X ^ 2) "-^ log (xy 2 ) +c 2 . ... (3) 

from (F), (2), and (3), 


z = $x*y—- 2 log y F 


...(4) 


and 
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Now equating the values of z from (1) and (4) when 
y=l, we find that K=— 1. 

Hence from (4), the required equation is 

3z=4x 2 y—x 2 y*—6 log y—3. 

Exercises 2 (3) 

1. Find a surface satisfying t=6x 3 y, containing the two 

lines, y=0=z, y= 1=2. Ans. z= x 3 y 3 -Fy (1— x 3 ). 

2. Find a surface satisfying 5=8*^ and passing through 
the circle z=0=x 2 4/-l. Ans. z= {x~-\-y 2 f— 1. 

3. Find a surface satisfying r=6x-j-2 and touching 

z=x 3 +y 3 along its section by the plane 1 =0. 

Ans. z=x*+y 3 +(x+y+l) 2 . 

4. Find a surface satisfying r — 2s-\-t = 6 and touching the 

hyperbolic paraboloid z=xy along its section by the 
plane y=x. Ans. z=x 2 —xy+yK 


Spherical Harmonics 


CHAPTER I 
Pari l 

Laplace’s Equations io Rectangular and Polar 
Co-ordinates. Solid Spherical Harmonic of 
Degree n. Legendre’s Equation. 

Legendre’s Coefficients. Legendre’s 
Polynomials. P„ (x) and Q„ (x). 

3 2 V 0 2 V 0 2 V 

1*1. + 3 ^ + ^ = ° is calletJ Laplace’s equation in 

rectangular co-ordinates. It is the very basis of Mathe¬ 
matical Physics. The polar form of Laplace’s equation is 

^,2 3/1 coKnV I #V 

dr* "*■rdr ^r* dO* ^ r* dO ~*~r 2 sin" 0 d<t>* ’ 

where r, 0 , are the polar co-ordinates of a point. 

Any function V n =f n ( x, y, z) homogeneous in x, y, and 
z satisfying Laplace’s equation is called a Solid Spherical 
Harmonic of degree n. t Naturally V n assumes the form 
r n Y n (0, <l>), when put in polar co-ordinates, where Y n ( 0 , <£) 
is a function of 0 and </>. 

Now Y n (0, <j>) is called a Surface Spherical Harmonic 
of degree n. The suffix n is meaningful only in the sense 
that it indicates that Y n (0, <f>) is the coefficient of r n in the 
process of putting/,, (x, y, z) in polar co-ordinates, so that 
Vn=fn (*. y, z)=r n Y n (0, 
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1*11. Legendre’s Equation. In the discussion of Surface 
Spherical Harmonics, we come across the equation 
cl^v dv 

(I— x 2 ) -jj* — 2x (/i+ l).y = 0. This equation is known 

as Legendre’s Equation. 

1*12. To illustrate the method of integration or solution 
of differential equations in serfes, let us take the differential 
equation 

(1 ~ **) 2* ( w +l) ^=0. ...(A) 

It can be solved or integrated in series of ascending or 
descending powers of x. The solution in descending powers 
of x is more important than the one in ascending powers. To 
find it out, let us take 

a T x*- r ...(I) 

r=0 

then a r ( k ~ r ) 

dx r=0 


P'Zr a, (k - r) (k-r-1 ) *. 

ax r= Q 

Substituting in the differential equation (A), we get 
00 00 

(l-* 2 ) Z a T (k-r) (k-r- 1) x k ~ r ~ 2 -2x Z a r (k-r) x k ~ T ~ 1 

r=0 r=0 


oo 

+ n (fl-f 1) Z a r x*~ r ^O 

0 


or 


Z [(!-**) (k — r) (k-r- 1) x k ~ r ---2 (k-r) x k ~ r 

r=0 

+ n (/i-f-1) x*“ r ]fl r ^O 


or Z [(k-r) (A — r — 1) x*-'- 2 

r=0 


+ {n ( n +\)-(k-r) (k -r+ \)}x*~ r ] a r =0. ...(B) 
Now (B) being an identity, we can equate to zero the 
coefficients of various powers of x. 
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which is the 


first term 


...(C) 

...(D) 


In (B) equating to zero the coefficient of x 

highest power of x, we have 

a 0 {n (n- f-1 )—k (A-f 1)}=0. 

Now a Q ^t 0 as it is the coefficient of the very 
with which we begin to write the series ( 1 ) for y. 

Hence {n («+ 1) — A (A-+-1)=0 

or (n — A)(/j+A + 1) = 0 

This gives the value of k either as 

k=n, or as k = —n —\. 

Equating to zero the coefficient of the next lower power 

of x, that is of x *- 1 in (B), we get 

a l {n (/i+ 1)— (A: — 1) A} = 0. 

Now {n (n+l)-(A-l) A}^0 by virtue of (D); hence 

a x = 0. .**(E) 

Equating to zero the coefficient of the general term 

namely that involving x k ~ T in (B), we get 

(A-r+2) (k-r+\)a r _ 2 + {n (n+\)—(k—r) (A-r +1)> a r =0 

(A— r-f 2) (A — r-h 1) 


or 


a r = — 


1 —2 


...(F) 


(n — k + r) (n-\-k — r 1 ) 

Results (D) and (F) are important. The former deter¬ 
mines the index and the latter gives the relation between the 
coefficients a’s. Combining both these. 


a r =- 


(n — r-\-2) (n —r4- D 
r.(2n — r-f 1) 


a r-t 


. . .(Cm) 


(n-f r—1) (n-4-r) 
(2n+l+r) (r) 


a r- 


...(H) 


when k = n, 

and a 7 = 

when k= — n -1. 

Now , a x being zero from (E). we see from (F) that a 3 , 

a& . a 2r +\,. • • ore al1 zeros, and a 2 . a it . ,.a 2rt . ..can be found 

out in terms of a 0 which is an arbitrary constant. 

Taking k=n and accordingly the values of coefficients as 
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0O 


determined from (G) and substituting them in y= 2 

r= 1 

we get 

- 1 ) 


°L 2 .(2/i- 


1 ) 


•n—2 


4 n (/7-1) (n-2) f/*—3) "| 

2.4.(2/i —1) (2/i—3) * •••J •••(*) 

as one solution. 

Taking k= — n — 1 and accordingly the values of coeffi¬ 
cients as determined from (H), we get 




+ 


(//+1) (n + 2) (// + 3) (//+4) 


■—n-5 


+ 




(/?) 


2.4.(2/i+ 3) (2n+5) 

as the other solution‘of our differential equation where a 0 in 
both cases is an arbitrary constant. 

1*13. Definition of P„ (x). (Agra 1952, 53, 55) 

With n a positive integer and a 0 = - 5 " ^ t ^ e 

*• 

solution (a) of Art. 112 is called P n (x). 

In fact (as will be proved hereafter), it is that solution 
of Legendre’s equation 

/i 2 . d'~v dv 

(l “ x) ^—- r i +n(n+1 ^= 0 - 

which equals 1 when x = l. 

/*„ (x), as seen from (a) of Art 1*12 is a terminating 
series and gives what are called Legendre’s Polynomials or 
coefficients, provided n is a positive integer . 

With/; a positive integer and a 0 = —-—-'Ll-— t h e 

solution (£) of Art. 1*12, being a non-terminating series, is 
called Q n (x) and gives what are known as Legendre’s func¬ 
tions of the second kind for positive integral n. 
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We have thus 
p / v__1*3.5# * *(2n 1) 

* n V 


n 


[ x n_ n (n-_l) 
L 2*(2n — 1) 


n-2 


+ 


n (n —1) (n —2) (n —3) 


+ 


2.4.(2n —1) (2n—3) X " 4 ' * **]• 

O (x) =_Hi_ r x .„.i + (n + l)fn + 2 ) 

Q " W 1.3.5.,.(2n + l)L X + 2 .( 2 n+ 3 ) x 

f-lWn+2Wn+3Wn4-4) _„_ R -| 

2.4.(2n-f-3) (2n + 5) + 

The most general solution of the Legendre’s equation 
is y=sAP n (x) + BQJx) where A and B are arbitrary cons¬ 
tants. 

In the next few chapter-parts we shall be more concerned 
with finding out various properties, various series and 
various integrals for P n (x). 

Exercises 1 (1) 

d 2 y 

1. Integrate the equation in series. 

2. Show that 

p 0 (^)=i. Pi (/*)=/*, p 2 (/0 = 3/z2 2 " 1 , p 3 (^)= v “ 3/ ‘. 

Show that P n (-,x) = (-l)" P„ (^), p u ( 1) = (— 1 ) n . 

By differentiating the series for P„ (x), show that 

n (*) = _ (2/i)! [ x n-m (n—m) (n—m—l) 

K m 2 n .n ! (/i — m) ! [_ 2.(2n — 1) 


3. 

4 

d m P 

dx 


x n 


(n—m) (n — m—l) (n-m — 2) (n—m — 3) x n “ w - 4 
+ ’ 2.4.(2/1— 1) (2/i — 3) 


- 1 
• • • I • 



CHAPTER I 


Part 2 

Generating Function for P„(/*); P n (l) = l; 
Rodrigue’s Formula. 

1*2. P n (/z) is the coefficient of h n in the expansion of 

(1—2/nh4-h , ) _1/2 . (Agra 1954) 

Now (1 ——// (2/x—//>}— 1/2 

= 1+2 I’ (2/—/-) + 2'.f I ' 2 (2^-/i)* + ... 

+ 1 2.4 5 ;:..2: l / ‘"^- / - ) "+-- 
for sufficiently small value of h. 


The coefficient of h n in this expansion is 




1 3.5... 2/i —5 
+ 2.4.6...2/»-4 




1.3.5.. .2/i-7 

2.4.6.. .2/1 — 6 


( 2 / xr-«.'»- 3 C, + ... 


or 


1.3.5.. .7/1—I / n (n — 1) 

nf {'*’-2(2»^n'‘ 

n (n—\)(n—2) (n — 3) n n -* 

+ " 2 2 72 !7(2n— 1) (2n—3) 

n (/»—1) (n— 7) (n — 3) (/; — 4) (n — 5 ) n _ 0 
” 2 3 .3 !.(2/i-D (2/f-3l(2/»-5) M + 
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or 


1.3.5_(2/i— 1 


n ! 


+ 


) /„■_ " (ii t_LL 
V 2.(2 «-l) F 


n (n — 1) In —2) (n — 3) 




2.4.(2/i— 1) (2 ai — 3) 

n (/i — 1) (/i —2) (/i—3) (n— 4) (n—5) ^ 
~ 2.4.6.(2/i-U (2n-3) (2/1-5) 1 

This is exactly />„(/*). 


• * • J* 


CO 


Thus 27 h n P n '/x) = (l —2/xh + h 2 )“ 1/2 . 

rz=0 

1-21. From the last article, P n (1) is the coefficient of li u 

in the expansion of (1 — 2h-\-h-)~ l 2 

or the coefficient of h n in the expansion of (1—/i)" 1 

or in 1 -f- /j + h~ -f- ... -\-h n -\- ••• 

This coefficient is 1. 

Hence Pi.n)=l* 

This is a distinguishing property of Legendre’s poly¬ 
nomials. 

1*22. Rodrigue’s Formula. (Agra 1960, 1956) 

Let us form a differential equation in y , it being given 
that y=(/x 2 -l) n . 


Now 


or 


‘^=n 1)— 1 (2 M ) 

0* 2 -D %= 2n *y- 


...( 1 ) 


Differentiating (1) («4-D times by Leibnitz’s theorem, 




-’■[ 


| „+, c ^1 


or 


(,-)p + 2 ^-"C-n0=° 


s 

Spherical Harmonics 



, v d 2 Z „ dZ 


or 

(/x 1 > dt? +2fL d^~ n ( "+ 1] Z=0 ’ 

...(2) 

where 




Now (2) is Legendre’s equation. 

It is satisfied by Z and therefore by CZ, where C is a 
constant. 


Thus CZ or is a solution of Legendre's equation 


and this will be />„ (/x), if C^~~\ when /z=l 

d \» 


or if 


C (a**— l) n =l, when /*=!. 


[Art. 1*21] 


...(4) 


In (4), considering (/x 2 —l) n as (/z— 1)" (/x-f-l) n and 
differentiating // times by Leibnitz’s theorem and then putting 

/x=l, we get C.2 n .n 1 = 1, so that C= * 


2 "./; !* 


or 


With this value of C, CZ or C (/z a —l)" is P f 

This is Rodrigue’s Formula. 


(/*> 


Exercises I (2) 

1. Integrate the hypergeometric equation 

x (1—x) j^+{y—(a+^-f-1) x}*~ — a/3y<=0 

in series of ascending powers of and show that the 
complete primitive is 

AF(ct, (3, y , x)+Bx l ~VF( a+l-y. /3+1-y. 2-y, *), 
where ^ and B are arbitrary constants and F (a, (3, y , x) 
stands for the series 
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1 + x , «(«+!) 0 ( 0 + 1 ) , 

+ i.y i.2.y(y+l) 

« («+1W«4-2) 0(0+1) (0+2) , 

+ 1.2.3.V (y+l)(y + 2) * + 


• + 


Show that P 2m+ i (0)=0 


and 


p 2m ro)=(-i r 


1 .3.5.. ,1m— I 
2 . 4 . 6 ... 2m 


3. Use Rodrigue’s formula to show that J P n (p) dp — 0, 

except when « = 0 in which case the integral is 2. 

[It has to be remembered that 

( d \ n ~ l „ / d \ n -* 

3j) fo) {(^-i)"(^+in=o 

for p=l as well as for p= — 1, because after evaluation 
by Leibnitz’s theorem, we find that 

(£)"-' {( ' , - |) " ^+'n 

has both (p — 1) and (p+ 1) as factors.] 

4. P n (x) being defined as that solution of the Legendre’s 
equation which equals 1 when x=l, use Rodrigue’s 
formula to show that 

2" W ! (n> ! r 1.2. (2n— J J 

n in — 1) (n - 2) (« —3) 

+ 2-4 (2n— 1; t,2«—3j 

Deduce from the above that P 0 (x)—\, whatever x 
may be. 



CHAPTER I 
Part 3 


Various trigonometrical series for P„ (/z) 

1*3. P n (cos 0) as a series in cosines of multiples of 0. 
We know from Art. 2, 

2 h'P n (cos 0) = {l-2 (cos d) /j+/; 2 }-"« 


={1— (e i0 +e- ie ) /i+e ,e .e- ,0 .A2}-i/». 

= (l-e' 9 />)-■'* (1 —e~‘° h)~ vl . ...(1) 

Now, (1 -e i(i h)-'i‘ = 1 +1 e 10 h + 1 ' 3 e 2i0 h 2 +... 


l ^j.5., .(2/i—1 ) 0 

2 .4. 6 ... 2/1 * " +•- 

(l-e-‘ 8 /ir 1, *=l + »e- , 9 /H-H e- 2W /i s +... 

1.3.5 .. .(2/1 — 1 ) — niO/jn I 
*** + 2.4.6...2/i * n + -** 

The coefficient of /j n in the product of the above two 
expansions on the right side of (1) is 


1.3.5... (2n 1) I'nQ , 

2.4.6.2/z I* 1 


2n 


+ 2/;-l (e ,(,, ” 2)0 +e _,(n ~ 2)0 .| 


2 // (2/i —2) 

" t '(2/j —1) (2/1-3) 


( e « («-4) 0 +e -i 


(n—4)0^ 


lj3 

2.4 


2/j (2/? —2) (2/j —4) 


v ^ f , { f (n_6) o + p-«(n-6)0v 1.3.5 

‘ (2/j —1) (2/1 — 3) (2/j —5^ > 2 4 6 + 


2 4.0 
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or 


1 .3.5...(2n- l) 
2.4.6...2/1 


[ 


n 


2 cos (n9) cos Q 


, n (n— 1). 1.3 . t ax a 

+ (2-n-lH2n^J)Ar2 2 ' cos ( "“ 4) 6 

n (« — 1) (n — 2) 1.3.5 "1 

.2 cos (/i —6) 0 + ... 


+ 


(2/i—2) (2/i —3) (2/i —5). 1.2.3 
By equating coefficients of fi n on the two sides of (1), 


we have 


K (cos 0) 

__1.3.5. ..(2/7 — 1) r l.w . 

= — ^ . .. -v-I 2 cos /10-f 2.,—x-- cos (/i — 2) 0 

2.4.6...2// L 1. (2/i — 1) 

1.3 .n (/i— 1) 


-f 2. 


cos (/i—4) 0 


+ 2 . 


1.2 (2/1—1) (2/i — 3) 

1.3.5 n (n — 1) (/i— 2)_ 

1.2.3 (2/1—1) (2/i — 3) (2/1 — 5) 


cos (/i—6) 0 + 




1*31. (1-2 h cos 0+/i 2 ) -1/ ‘ = ((l —/i) 2 -f-2/i—2/i cos 0}-*'» 


=|(l-/') 2 +4/i sin 2 11-(- 


4/i sin 2 


0 


-t 


1) 


(l-/i/ 


2 r .2 r .sin' r ^ h r 


— * I 27 /_i jr 1»3.5 ,. ,(2r— 1 ) 

' i-h 1 2.4.6...2r * (l-/i) 2r+ ‘ 


0 


=(l-/0- 1 +27 (~l) r (2 f , 0 2'.2'sin ! ', 

r= l 2.4.6...2/ 2 

X/i r (1 —/l)~ 2r — 4 . 

Equating the coefficients of h n on the two sides of the 
above. 


P n (cos 0)=1+ E (-1/ 5, V 2r 1 .2 r sin-^ 

r=l 


r \ 


(2r-4-1) (2r-f 2)... (2 r+ 1 + n-r-1) 

(n-rj ! 
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, , ” , l.3.5...2r— 1 (w + r) ! 0r 0 

= 1 + r f 1 ( " ,)r -- ~! ~' (2r) ! " (n—r> ! ‘ 2 2‘ 

CO ! 


= 1+ 2 (-O'.-tVi ('»-'■+ lHn-M-2)...(n+r) sin"| 

__i « («+D .;„ 2 *_«_(»- 1 > (»> (»+ I) (»+ 2 ) 

==1 ~ 1 !. J I SI 2 ^ 2 T 2 T 2 

(„-. 2 )(«-l)(/f)'(/i + l) (/i+ 2 ) (# 2 + 3 ) . 

3 !.3 ! sm 2 -h... 

—F^/i+1, — n, 1, sin 2 
Putting O+it for 0, we see that 

P n (—cos 6)=F (n + l, - n , 1, sin 2 ^5^ 

(—1)" P n (cos *)—F^i+I, —I, cos 2 

P n (cos 0)=(—l) n F (/*+!, 1, cos 2 |Y 


or. 


or, 


Exercises 1 (3) 

1. Show that the Legendre’s equation 

V-S) d £-^%+n(n+l)y=0 


changes into the hypergeornetric form 


d 2 y 


dy . n f/r-4-1) 


=0 


2. 


by the transformation /x 2 — x. 

Hence show by comparison that its complete primi¬ 
tive is 

( n n+l 1 r\xn v( » —1 «+ 2 3 2 ^ 

AF K r ~2 * 2’ ^)+ B ^\r~2 - 2~' 2- " > 

Use Rodrigue’s Foiraula to show that 
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and then by expansion and carrying out of differentia¬ 
tions, show that 

P n = -//, #i+l, 1, - 2 

fTt „ . .. 1.3.5.. .(2/i—1) 

3. Show that j />„ (cos 0) cos #i0 tfg —— 2 

4. Show that f" P n (cos 0) cos (#i- 1) 0=0. 

Jo 

5. Show that j* P n (cos cos ##itf J3=0 if m and #i are 
both positive integers such that m + n is odd. 


CHAPTER I 
Part 4 

Zeros of P„ (/*) 

1*4. A value of /i for which a function f ( n) vanishes is 
said to be a zero of f (p). 

A zero of J (fi) is a root of the equation f (n) = 0. 

1*401. Let F(/x) = (/x-l)" (m+1)". 

If we differentiate F (/z) by Leibnitz’s theorem, we find 
that each of the differential coefficients F' (/x), F” (/x), 

F"’ ( IM ) . F {n ~ (fz), F {n ~ l) (/z) contains in every one of its 

terms, (/z—1) as well as (/z+l) as factors; hence each of these 
differential coefficients of F (y.) ranging from the first to the 
(n — l)th will vanish for p = l as well as for /x = — /, but the 
nth differential coefficient of F(p) will have one term in 
which (/z—1) will not occur as a factor as well as one term 
in which (jz+1) will not occur as a factor. Hence the nth 
differential coefficient of F(y.) will not vanish for either /x=l. 
or for /x= — 1. 

1*402. The zeros of P n (p), that is, the roots of the 
equation P n (fj.) = 0 are all real and lie between —7 and +/. 

Take a function F ( /x ) = ( / z— 1)" (^-fl) n . We see that 
F (fi) vanishes for the end points /z= —1 and /x= 1 and 
therefore by Rolle’s theorem, F' (/*) vanishes for at least one 
intermediate value say /x n of fj. lying between —1 and -f-1, 
and obviously for the end points, /-z=l and n = — 1, and 
then by Rolle’s theorem, F " (/z) vanishes in two intervals 
(—1* Pn) and 0*u» U. say, at least for /z = ^ 2l , and n = n a2 
and also obviously for the end points fx = — l and /z = l. 



Zeros of P n (n) 


15 


Applying Rolle’s theorem again, we see that F"' ( M ) vanishes 
in the three intervals (- 1 . fi 21 ), (/,*, ,x 22 ), (/x 22 , 1 ), say, 
at least for the values h=/j 31 , /x=^ 32> and also for the 

end points /x= — 1 and ^=1 and therefore by the Rolle’s 
theorem F"° (p) vanishes in the four intervals (—l,/x 31 ), 

(pn* / x 82 )» (/^ 32 » ^ 33 ), (^ 33 . 1 )» that is, it vanishes for four 
intermediate points at least as also for the end points 
H-= — 1 and fi= 1. Proceeding in this manner and applying 
Rolle’s theorem successively, we find that 

(!)"t(/-!>" <* + m or 50(0 = 

vanishes for n intermediate values /z„ M ,... n n , n of 
/z though not for the end values /z= — 1 and #x = l. Thus, 
since P n (/i) = 0 is an equation of the nth degree, it cannot 
have more than n roots. So, all the roots of P n (/x)=0 
or all the zeros of P n (/x) have now been obtained as lying 
between —1 and -f- 1 on the real axis so that all the n roots 
are real and lie between -f -1 and — 1 . 

1*41. All the roots of P n (/x) = 0 are different. 

If they are not all different, at least two of them must 
be equal. Let their common value be a. 

Then P n (a) = 0, P n ' (a)-0. [V / > n (/x) = ( / z-a ) 2 0(/x)] 


From the Legendre’s equation, 

d l P dP 

0 “V) ^r n - 2 #x -?+n (n+l) />„= 0 . 

Pn (a) = 0 

and from the Legendre’s equation differentiated once, 

Pr (a)=0, 

and then from the Legendre’s equation differentiated twice, 


Pn" («) = 0 , 


and so on. 
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Thus P n in) (a)=0 which is absurd as P n <n) (a) is always 
a non-zero constant namely 1.3.5...(2n—1). Thus all the 
roots of P n (n)=0 are different. 

Let them be a lt a 2 , 03 , .... a B . Then if a is a root of 
P„(n)= 0, —a is also a root of i > n (/z)=0 because of the 
relation P n (— a) = ( — 1)" P n (a). Therefore — a lt — a 2 , 
—a 3 ...» —a n are also roots of P n (/*). 

Thus 

P ri (n)=A ( M £ -ai 2 ) (m s —« 2 2 )...(/* 2 -« n / 2 3 ) if n is even. 

Pn (/*)=£/* — /^l 2 ) (^ 2 — ^2 2 ). - - (M 2 — / 3 e (n—D/2) ^ n is 

odd, ^ and D being certain constants. 



Exercise 1 (4) 


Show by the method of Integration in Series that the 
complete primitive of the hyper-geometric equation 


* 0-x) d Jl+{y-(*+P+l) x) £ x -«l3y=0 






1—y + a, 1 — 0+«, 

+ a*-Pff/3, l-y+0. 



From the above deduce that the complete primitive of 
the Legendre’s equation is 



\-n 1 1 \ 

2*2 n * fi‘) 

f ("2 1 



[The first part will be P n (n) if n is a positive integer,. 

for suitable value of the constant A. See Q. 1 of 1 (3).] 

Do you agree that the following are incorrect expres¬ 
sions ?— 
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(a) ‘The roots of a function.’ 

(b) ‘The zeros of an equation.’ 

If so, please correct them. 

n being any positive integer, show that all the zeros of 
P n (p) lie on concentric circles including a point circle 
in case n is odd. Also show that all these circles 
lie within and none without a certain circle concentric 
with them. Find the radius and centre of this circle. 



CHAPTER I 
Part 5 


Laplace’s definite integrals for P„ (**)• 
1*5. We know from integral calculus, 


i 


__where a 2 > *>' 

a±b cos </* y/{Q % —b*) 


Put 0=1 — fjt, b = fly/(li*—\) 

and therefore a 2 — b t =\—2iih-\-tr. 

We get then, 

7t f 71 _^_ 

rf^/i+W'^Jo c ° s * 

«=J~ [1— h {ti + V(n 2 —D cos *)] -1 ^ 

= | n ££ /i" 1) cos ^) n ] d<t> 


for sufficiently small values of h 
= Z [* h n cos *}"<*/*• .••(!> 

n—0 J o 


Equating coefficients of /i n on the two sides of (1), we get 

P« (m) = 1 r —1) cos «£}" d'/. 

"Jo 

or P„ (cos 0) = - f* (cos 0-fi sin 6 cos <j>) n d<£, 

"Jo 


where 


fL — cos 6. 


(Agra 1953) 



u h8 


Laplace’s Integrals 


19 


This is the first of the Laplace’s integrals. 

1-SI. f ——-= . 7 — rrr where a* > 6*. ...(1) 
Jo <3 + 6 cos 0 V( a — b ) 

Put a = ph — 1, b=hy/(fx 2 — 1); then 


V(1 -2ixh-\-h*) 6^/(1-^ + ^) 


=^ 1 _^ + LV 1/a 

h V h ^h0 

= h ‘ n l 0 l (M,=77 n f 0 /jn+l />n (/x) ‘ ”* (2) 


Also 


(*— 

Io <3 ± 


d<J> _fjr 

6 cos Jo 


</<£ _ 

h ln±V{/* 8 —^ cos ^}“ 1 


*/</> 


h {/< ± V(M*- 1) cos *}{ 1 


1) COS 0} 


= f 1 0 

J 0 l '«{/*+ 


— 1)cos <ft} 

— 1) cos <t>) 




-HR 


n + lj 


dj> 


.L o ^ 1 {m±v(f 2 -dcos ^r*j 
, i r«_^_ 

=o /jn+1 Jo {t*±V(H- 2 — 1) cos </>) n+1 ' 

Hence from (1), (2) and (3) 

1 p . . o -L f w __ 

o ^” +1 „=0 A n+i J o {/* ± V(m 2 - 1) cos ^}«+» 


...(3) 


. ...(4) 


Picking out and equating coefficients of on the two 


sides of (4), we have 

P , v_lf w 

"Jo {p±V(l* 2 —l) cos <A} n+1 * 
This is the second of Laplace’s integrals. 


0 {p± 
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From the two integrals of Laplace we easily see that 

P„ (/*). 




Exercise 1 (5) 

The following is due to Euler : 

P»( cos 0)=cos"fll. _tan=fl). 

[In the integral of Art. 1*5, put 

(cos 9 + i sin 9 cos <£)" as cos" 9 (1-f tan 9 cos <£)". 
Expand and integrate, thus getting the result.] 

Show that 


P n (cos 0)=cos 2n 2 F^—n, —n, 1, —tan 2 

(Murphy) 

[In the first of Laplace’s integrals for P n (cos 9), namely 

1 C 77 

P n (cos 9)= - I (cos 9 + i sin 9 cos <£)" d<t>, 

77 J o 

put (cos 9-\-i sin 9 cos </»)" in factors which is then 
^cos / sin ^ X ^cos --f / sin ^ «~‘ 9 J 


or 


cos 




(l-M tan^e ,<p ^ x ^1 + /tan ^ e - * 9 ^ . 


Expanding, multiplying, and integrating, we get the 
desired result.] 



CHAPTER I 
Part 6 

Recurrence formulae 


1-6. Let V=(\ — h n P n (fi) ; ...( 1 ) 

n —0 


then from (1), V 2 (1 —2 M £ + /r)=l ; d ~== £ nh n -ip n ). 


dh 


n -0 


or 


Differentiating V 2 (\-2^h-\-h 2 )=\ with respect to h 
and dividing by 2V t we have 

dV 

v (, - 2 ^+ A2 ) s0 

or £ h n P „ (aO + (1 —2fj.h-\-h 2 ).£ nh"~'P n ( M )==0.. ..(2) 

Equating to zero the coefficient of h n ~' in (2), we get 
P n ^-^P n . x +nP n -2^ (n-1) P, l _ 1 + (n-2) P„_ 2 = 0 

nP„ = (2n-l) /*P n _ x — (n —1) P n _ 2 . ...(f) 

(Agra 1961, 1953) 

1*61. To prove 
dP 

a M n==n (MP«-P.-i)--(n + l) (^P n -P n+1 ). 

Now, tl p n -p n _ 1 
1 r- 

= 7f /*J + V(M a — 1) cos «Aj r * d4> 

1 frc 

Jo cos 

= ~ f. 0 cos <£} n “ l 


x {“ 2 +M\/(^*“ 1) cos <A — 1}J d<h 
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*-1 C« 


7 T 


j* c ° s ^} n 1 


= " , n ;' ) i[fI^ + ^ ! - i)cos " r ^] 


2 — i dp 


n djj. 


=. [Art. 1*5] 


Hence 


( ^- 1) ^ = n (/ xP n - p n . 1 ) . 


...(A) 


(Agra 1959) ^ # (n) 


riP 

(^-l)“^=-(n4-l)(/xP n -P n+1 ). ...(B) 

d/x 

(Agra 1957) J 

We get (B) from (A) by putting -n—1 for n and remem¬ 
bering that P- n - l = P n . P_ n _ 2 = P r>+2 . 1 = Pn+i* 


1 62, 


slip dP 

We have (ft*— 1) ^ 2 °-f 2/x — n (n+1)/ > „=0 

[Legendre’s equation] 


or 


or 


or 


dp 


{(/!’-0^}=n (n+1) P» 


dp 


[n {pP n — P n - 1 )]=n (n- 1-1) P n [using (II), (A)] 
^ (/xP n -P n _ 1 )=(/H-l) P„ 


or 

dP„ (1P„— , jj 

P in - «V np - 

...(III) 

(Agra 1954) 

Also, 

-y. d . Pn + dP ’ ,+ '=(n + l)P. 

^ du d/x 

-..(IV) 

[putting — n — 1 

for n in (III) and remembering that 


P-n~\~ P.n P —n-2 = 

* Ai+ 2-1 ^n+ll* 
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By adding (III) and (IV), we get 

<2n + l) P„ = dI%+ '_ d ^' 

a/x d/x 

1 # 63. By putting n— 1 for n in (V), 


...(V) 
(Agra 1961) 


= (2«-l) F n _ 1 + ( 2«-5) P fl _ 3 +^ 

du. 


...(A) 

(Agra 1955, 52) 
dP n +i 


£as, by putting n — 2 for n in (A), we get 

^r= (2 - 5) p - +dP d v\ 


^r= (2n - 5) j 

Thus by repeated application of (A), we get 
J^=(2n-1) P*-, -F(2n—5) P n _ 3 -F(2n-9) P n _ 5 + 


...(VI) 
(Agra 1956) 

the last term being 3P, or P 0 according as n is even or odd. 
This is called ChristofFel’s expansion. 

1*64. Multiplying (A) and (B) of (II) respectively by 
«4-l and «, we have 

(«+I) (M'-D^f=«(n+l) (pP„-P„-,). 


dP. 


n <*'- l >7fc = -< n +» n -(p p »-P«+i)- 
Adding these, we get 

(2»+l)(p*-l)^"=/,( n +l )( i>„ +1 -/>„_ l) 

(, p-d dP " = Hia±>) (P _ P , 

1 ’ d/x 2n+l 1n+l Fn-xU 

This is called Beltrami’s result. 


...(VII) 
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Exercises 1 (6) 


1 . 

2 . 

3. 

4. 


Show that 

dP n dP n — 2 __»\ p 

~di"~dx ~ {2n l) n-1 * (Agra 55,52) 

Show that 

pP' n (n)=nP„(ix)+(2n-3) 0*)+(2n-7) (/*)+ • •. 

(Agra Final 1959) 

Show that xP' 1Q — P' 9 =10/ , 10 . 

Show that 11 (x*-l)/y=30(/> 6 -/ > 4 )- 




CHAPTER I 


Part 7 


Christoffel’s Summation Formula for the sum of the first 

n 

n+1 terms of the series E (2r+l) P r (x) P r (y). 

'=0 

Orthogonal Properties of P n (/x). 


1*7. Now, from recurrence formula (1) of Art. T6, 

(2r-hi) x.P r <x) P r (y) = P r (y) {(r+1) P r + x {x) + rP r _ x (x)}. 
(2 r+l)yP r (y) P r (x) = P r (x) {(r+1) P r ^{y) + rP r _ x (y)}. 

n 

Subracting, £ (2r+l) P r (x) P r (y).(x—y) 

r = 0 

= 27 (r+1) [P r+ i(x) P r (y)-P r+l (y) P r (x) 

r =0 

-r (P r (x) P r _, (y)-P r (y) P r _, (jc)}J 
= («+!) {/>„«(*) P n (y)-P tt+l (y) />,(*)}. 

Hence 27 (2r+l) P r (x) P r (y) 

r — 0 


= („ + !) Pn^i(x) P„(y)—P n 4-i ( y) p„ fx) 

x —y * 

This is Christoffel’s Summation Formula. 

(Agra 1958) 

1*71. (a) J i PM P„(/z) d/x = 0 (n and m are positive 
ntegers). ( Agra 1955j 52) 

r 1 2 

( b ) J_! d/A= 2nVl ^ * S a positive int eger). 

(Agra 1962, 55) 
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(a) X pm p ”‘ r,i) 


2 m+n m 


iTTi Jl, *■ 


-400- 




J-i 

/ ^ \ n " 1 
4*. 


where 


1 1 1 . _ 
A -2™v»,rr^n- and n > m - 


The first portion vanishes at both the limits. VVe integ¬ 
rate the second portion by parts again and continue the 
process till we get the integral to be 


( 


m 


1 d n ~ m (/z 2 -l) n d tm (n*-l) 

* d..2m _ 


— l) m .K J l 

= (—l) m A\(2/w)! J l 


dfx 

i d n - m (n*-l) 


dfi n “ 


9/1 


...d) 


=(-ir.*.(2«) i =o 

I as the expression within brackets vanishes for both limits.] 
(b) From (1), if w—n t the integral becomes 

I-, ™ ^ = ( - 1)n -242OTl X, (/••-!)■ 


2 n .n ! 


1.3.5...(2/1—1) f- . . 

- 247,1- . s '" ,,+1 6 de 


(where /i=cos 0) 

__ 0 1.3.5...( 2 / 1 - 1 ) fr/2 

= 2 -- 2^1 - sin 2 "« 9 

- . J o 
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1. 3.5. -.(2r?— 1 ) 2n (2n — 2).. .2 
2".« ! '(2 n+l) (2n-l)...3 


_ 2 
”2«+r 


[by Wallis’s formulaj 


1*72. Solved Examples. 

Example 1. Prove that 

1 — z l 00 

(1—2iiz = n £ 0 ( 2n +f) z n P n (fx). (Agra 1959) 

] --z a _(1 —2/xz-j-z 3 ) , 2fLZ— 2z~ 

( l ~ 2 fiZ-j-Z -) 3 ' 2 ( 1 - 2/ixZ-f 2-) 8 / a + ( 1 — IfMZ + Z*)** 

— -!_4-2“/ _ ( I 

V(l— 2/iZ-f z 2 )*' 2 (1—2 / zz-f-r 2 ) s /2/ 

=_1_4-2z-/__ 1 1 

V(l —2/az-f-z 8 ) 1 ' 2 “ i/z lv(i — + 

= I z» />„ M + 2Z.* / 2- P„ (M )l 

n ~9 Jz ?n = 0 j 


[Ait. 1-2J 

OC ^ 

= 27 z n P n (fx)-{-2z. E nz*-ip n {u) 

n —0 n~0 

ec oo 

= E z" P n (n)+ E 2nz n P n ( h ) 

= E (2 n+I)z”P„(tf. 

/i® 0 


Example 2. 5/;o»v z/iar 

/-f z 1 ~ 

Z (1-2XZ-Z*)''*~Z~~ S n ( Pn ( X ) + P »+1 WJ 2 n . 

' /l = U 


Left band side 

1 


(Agra 1963) 


1 


z‘(l—2xz—z V' 2 + (1 - 2xz+z a )»' 8 ~ r 
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; ? P n (x)z«+Z P„(x)z'-\ 

n«0 n—0 ~ 


1 00 P (x) m 00 1 

I + i7 ^Ll|Lr_ + 2 * p n {x)z'-± 

Z n-l Z 




OO 


OO 


= 2 / > n (x)z w -i+ 27 P n {x)z n 


n -1 


n —0 


S P„ +1 (a:) 2 "+ 5 P„(*)z" 

n—0 n—0 


00 


^ {-Pn+i (*)+-P«(*)}z n . 

n—0 


Example 3. Show that C-f J p n dx = 


(Agra 1957) 


Proceed as in Art. 1*62 and get the result, 

(2 n+l) 

^n ( *) = 2n^pl 

P n (x) dx + c = - wH ( 2 ^ n ~ L — } • 

Example 4. Show that ^ — - ^~ 2 =(2n — l)P n . 1 . 

(Agra 1952, 1955) 

Procceed as in ArL 1*62 and get the result 

(2n+ i ) P„=^-^ } . 

Putting for n in the above, we have 
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Example 5. Show that J dp=n(n + l). 

(Agra 1956) 

Christoffel’s expansion for as given in result (VI) in 
Art. 1-63 is 


7j ?=(2n-l)P n _ l + [2n-5)P n _ 3 +(2n-9)P n - i +... 

... 4-1. P 0 if n is odd. .. . (A) 

ip 

= (2«~ 1) Pn-1 -f- (2«- 5) P n _ 3 + (2n -9) />„_ 5 +... 


...+3P, if « is even. ...(B) 

If a is the first term of an Arithmetic Series and A is 
the N ib term and d the common difference, then 


b=a-\-(N — 1) d 


or -J^+l = A^. 

...(1) 

Hence, the number of terms in (A) 


(2n—1)—1 //-fi 

4 ^ 2 

...(2) 

and the number of terms in (B) 


(2//-D-3., « 

4 

...(3) 


Squaring and integrating (A) between the limits indicated 

= (2/i-l) 2 J ^ 2 n-i^+(2n—5)*f/ 5 » n _3^+... + l 2 f l P 0 2 d, L 

ex J ~ l 

-H2/f— 1) (2« — 5) j ^ Pn-\P n —2 diM+( 2/; — 1) (2« — 9)J p n-iP n -zd,i 

+ •.. + ... + ..•+5.1 J P^Pq dfx. 
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= (2«-l)». ,, - - 2 ,. , ,+ i 2 ! ,+0 + 0+ 


2 (H-lJtl 2 (n—3;+l 


= 2 [(2«- l) + (2n—5)+... + l] 
=2 (2/7— 1 + l)J=n (n+1). 


2.0+ 1 
• • • *1"0, * i *1“ ... 0 

[Art. 1*71, (a) and (b)J 




2 I | 

The number of terms added above is-^-[-1 

4 


2n-\-2 //+! 


[by (DJ. 


~ 4 2 

Similarly squaring and integrating (B), 


r, go ' * 


= (2//-l)* . 


_ 2 i2n— 5) 5 . 2 2 

2 (H-l)-f l' + 2 ("/i —3i-|- i ^ '2.1-f-i 


...(F 2 ) 


+integrals which vanish between the limits 

= 2 [(2/7— 1)+ (2/1-5)+. • - + 3J 
=2 (2h— I + 3)J=n Cn+1). 

l ^ fj 

The number of terms added is ‘ --bl = 7 [by (1)j. 

(FJ and (F 2 ) prove the result. 

Example 6. Show that 

F 0 + 3/ > 1 + 5/ > 2 + .. . + (2n — 1) P n = P' n + x + P’ n . (Agra 1963) 
From recurrence formula (V) of Art. 1*62, we have 

(2/r+l) P n =P' n+x -P' n _ x . ...(1) 

Giving to n values 1, 2, 3, .. .n, we get 

3P,=/y-/y, 

SP 2 = PJ-P X \ 
ip 2 =r A '-p 2 \ 

9P t = /y-/y. 


(2/7+ 1) ■F„ = i > ' n+1 - P'n-i' 




ChristoffeFs Summation Formula 


31 


Adding, we get 

3*l + 5P t +...(2/1+1) P«=P',. +1 + 

-P'u+l + Pn'-l 

[v Pi ~ i Po* ==z 0 J 

or P 0 +3P 1 +5P 2 + ...+(2n + l) P^P'^ + P,/ (v’p o °=1]. 

It has to be remembered that P x ( x)=x , P 0 (x)=l as is 
evident from Rodrigue’s formula 
Example 7. Show that 




(Agra Final 1945) 

Results (VII) and (VI) of Articles 1*64 and 1*63 are 
respectively as follows : 

n—v 2 \ dp n n (n+ l) /y> 

^ 2/7+1 ^°“ 1 ^ n+1 ^» •••(!) 


d dx =(2n ~ l) / > -. + (2«-5) P„_ 3 +.(2) 

Multiplying (1) and (2), and integrating 

D 1 -*■>(-£)* 

“ 2 / 1+1 J ^ P 2 «-i <f*+integrals of the 

products of two different P’s, which vanish 


n 


2/7+1 
2/7 (/7+1) 
2/7+1 


.(2a;—I) 


2(«-I)+l 


Example 8. ST/ow that 
P 0 2 +3iV+5P a *+...+f2/7 + / > ) P„» 

XT , =^+7; fP n P' n+l 

Now from Cbristoffel’s summation formula. 




rf 0 ^ 2r + p r (X) p r (y) 
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= ( n+ 1). p *+i ( x ) p » 1_ w p » M 

Putting y=x+e , where e is an arbitrarily small quantity, 
we get 

Z (2r-f-l) P r (x) P r (x-f e) 

r-U 

= ( , n ^n + 1 (*> (*-M - P n ^ (x+Q P n (y) 

*-(*+«) 

^.+. (AT) | (X) + *P„' (x) +- *’ p„- (X) +. .. J 

W + ^Vl (X)+ ...)/>„ (X) 

=(«+l)- 1 -_ £ -- 

[by e.xpansipn by Taylor’s theorem]. 
Taking limits as e->0, 
iV+3/V + 5/> 2 « + (2«+l)/> n 2 

*(«+!) {P «+i (x) P n (x) Pn+i (x) P n (x)). • • •(F) 
Example 9. Show that 

(n+lp P n *-( X *-1) P n '*=(n +1) (P n P' mH -P n+l P m '). 
From (II) (B) of Art 1*61, we have 

(* 2 -l) /Y=-(,i+l) (xP n -P n+l ). 

Multiplying the above by P n \ we get 

-(«+l) P n ' (xP n -P n+l ) = (x n — 1) />/*. ...(1) 

Again from result (IN') of art. 1*62, we have 

-*/V+/>' n+1 = (n+l) P n . 

Multiplying the above by (n-j- 1) P n , we get 

(«+l) Pn (-AP n '+P' n+1 ) = («+ 1)» P n K ...(2) 
Subtracting ( 1) from (2), we have 
(r-f 1) [P n P' n+1 -P n+1 P n '] = (n+l)= (P n F—(x 8 -l) (Pn) 2 . .. (F) 
Example 10. Show that 

P 0 t +3P l * + SP t *+... + (2n + l) P n 2 
= (n+l)-(P n )*-(x*-l) (P n ')\ (Agra 58) 
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Proceed as in Example 8 and get the result (F) of that 
example. 

Proceed as in Example 9 and get the result (F) of that 
example. 

From the two results (F) of these two examples, we 

have 

P 0 2 + 3P 1 *+5P s: 2 +... -H2n -f-1) P n * 

= (n + l) 2 (P M ) 2 -(x 2 -l) (P„')*, 

Ex. II. Prove that 



x 2 P n+1 P n ~i 



2n (n + 1) 

(2n — 1) (2n+l) (2n+3f 


(Agra 1962, Final 1959) 

From recurrence formula 1 of Art. 16. we have 


(2«— 1) =/i/>„+(// - 1) P n _ 2 . .. .(1) 

Putting (« + 2) for n in (I), we have 

(2/2 + 3)*/> n+l = (/2+2) P n *2 + {n + \) P .(2) 

Multiplying (1) and (2), and integrating, 

(2h — 1) (2/2 + 3) f 1 x 2 P n +^P n _j dx 


= n (#*+l) j ^ P n 2 f/-sr+integrals of products of different 

P\ which vanish. 

Hence P x-P n+l P n . dx = —— ( '? +1 j 2 

J-i (2/2-1) (2/i + 3)‘2/i+l* 

2/2 (//+!) 


( 2 / 2 - 1 ) ( 2/2 + 1 ) ( 2/2 + 3 )* 

Ex. 12. Prove that (1 -2xz+z*)~ 1/2 is a solution of the 
equation 

-dW2V) df d V 

** +a*V x) dx-°- 


(Agra 1957) 



(O 
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Now (1-2 xz+z a r 1/2 =2z"/ , fI (*) 

0 


Substituting Z z n P„ (x) for v, we have 

n «=» 0 


* <*>} 


1 ) 1 ir lF ' w 


|^Jn+l) (x)j 


= <T n (n+1 );”/>„(.t) 


n — 0 


{n (n+1 )/>„(*)}-"• 

n « 0 




a, {<>-**> &}-li | (1 -*>-h Hr p -<*>)} 

=<‘-* s > QH{rr p ” w }-H {rr p - <*>} 


(l-x=) 2 z"P\(x)-2x Z z*P n ’(x) 

n-0 n-0 


= 2 (1 - x 2 ) />/ (x) z»- 2 2x P n ’ (X) r" 

n-0 n—0 


...(2) 
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Hence 


2 ?!<4- > + 2. (d _*=) !?)= i n (n+1) P. (X) z 

1^ d* J n—0 




az 2 ax 


+ 27 (1-x 2 ) iV(x) z"-27 2xiY(x)z" 

n—0 


n -»0 


=1 {(1 -*’) P n '-2xP„-+n (n +1) />„} *"=0. 

n—0 

[As the expression within brackets is zero for every 
value of n because of P n (x) satisfying Legendre’s equation 
whatever integral value n may have.] 

This proves what was required. 

Ex. 13. If (u, <t>. i) and (r, 0. *) be the cylindrical and 
polar co-ordinates of . the same point and if p = cos 0, show that 

(London B. Sc. 1926) 
We know r=(x t +y~+z 2 ) ll2 = {u t +z*) l,i . 

i = (w 2 +z*)- 1/a =/(M. 2 ). say. 


so that 

/(u, z-k) = {u 2 + (z-k) 2 }- l/t 

=/(«, z) k ^ f(u , z) + 2 -, (~) /<«. *)— • 

... + .. .[by Taylor’s theorem]. .. .(A) 

But,/ (u, z-k) = {u 2 +(z-m - ,/2 

[by definition of/ («, z)] 

= {u 2 +z 2 —2zfc+/c 2 }” 1/2 

=(r 2 —2r cos 0./e+& 2 )“ I/2 

= (r 2 )- 1/2 fl — 2 cos 0 r iJ 
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or 


or 


or 

or 


= -’ Z (*)" P» (cos e ). [Art. 1 - 2 ] .. .(B) 


Equating coefficients of k n from (B) and (A), we have 
)■ )■/(»,*) 
P.(cos r " + ‘ ^ V ' 



n ! \dzy r 
[s ince 1 =/(«, z)J. 

Ex. 14. Prove //tar 

A,(-^) = Po(-*)^nG)-fP 1 (- ... 

+ ^>n(-$)/ 5 0 (*) 

We have ( 1 +r 2 -}-:: , )- |/2 = (l+ z+~ 2 )-»' a (1 — z + 2 *)-i/t 

X{l- 2 ( 4 )r+ 2 2 } 0 -i/* 


^ />„(-*) (r *)—5 P n {-\)z'xZ P n (i )2 

«=0 n = 0 n = 0 


-n 


i. 


2 . 


^0 (-*) + /»! (-*) :H...+/ , n (-4)r 2 "+... 

= \ P n (-h) + Px (-*) Z + P 2 <-*) Z 2 +... 

...-f-P n (- 1 ) z'+.-.+Po,, (- 1 ) z 2 "+...} 
X{P 0 (i) + p, f*) r+Po (.}) z 2 +... 

... + P M (i) z”+...-fP 2fl (>.) z 2 "+...} 
Equating coefficients of z 2n on both sides, we have 

P n (“ h) = P 0 (—i) Pin (i)+P! ( —1) P-2,,-1 (j) 

+ ^s <-*) P 2B -*fi)+.-. + ... 

+ P 2 n (~U P 0 (*) 

Exercise 1 ( 7 ) 

Show that | /i P n 2 =0 

[Use result ol Art. 1 ’6 with // for «— 1 .] 

Show that P p n p «-i^4~Tzr t 
[Use result of Art. 1*6 as it is.l 
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Show that 

. . P, (cos 0) , P 2 (cos 0) , Po (cos 0) , 

1+-!— 2 -+- 3 + 4 + " 


= log 


, . 0 

1+sin ^ 


6 


sin 


[Integrate £ /»"P n (cos 0) = (l-2 cos 0 h + h*)- 1 ' 2 wiih 

n =0 

respect to /» between the limits 0 to 1.] 

ri 2n (;i 4-1) 

Show that J (x 2 —1) P„ P„ +1 " J1C== ^2/i-F 1) (2/1 + 3)* 

Prove that J‘ (1 f/*) /V (/*>-0. where m and 

/? are distinct positive integers. (Agra Iinal 1959) 

ri , f 2n 

Show that mP/» “P = 2/i+l* 

[Take the help of recurrence formulas III and VI 
Arts. 1*62, 1*63.] 

Show that x-P n 2/H-3 2/i-lJ 


= __* + 


+ 


1 


8 (2/i — 1) 4 (2n+1) 8 (2/1+3) 

1.3 5...2 m IV 

2m 


frr , O - 3 5 - • - 2,,? l> \ 

Show that /> 2 „(cost;<«i = ^ 2 .4.6...2m ) 


imy 

T (m +1) J 


Show that P' 2fl+1 (/^) can be expressed in the following 
two forms :— 

(i) (4n + l) P Sn +(4n— 3) P 2 „- 2 + . • • + 5/> 2 + l. 

(ii) (2/1+1) P in +2n l x P 2 „-i + (2«—1) ^ P 2n _ 2 +... 

.. .+2/** n_l Pj + zx*". 

[In (ii) make repeated use of IV ot Art 1*62.] 
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10. 

f 1 P n ' (x) />„_! 


J-l 


fl 

11. 

J Pa (*) Pn—s 


(x) dx—2 where s is an odd positive 


integer. 

[In Q.’s 9—11, use Art. 1*63, (VI).] 


12. j* P„’ (x) P„-, (x) dx= 0, if s is an even integer. 



CHAPTER II 
Part I 


Integration of Bessel’s equation in series 
for n=0. Definition of J 0 (x). 
J 0 (x) expressed as an integral 



Integration of 


^-fy = 0 in series. 
dx a x dx 


This equation is known as Bessel’s equation for n = 0, 
the general form of the Bessel’s equation being 


d*y 
dx 2 





Let 


O© 

y = Z a r x k+r ; then 

r —0 


Z a f {k+r)x k +'-' 
dx r=0 


Z a r (k+r) (k + r— l)***'"*. 

dx* r=0 

Substituting in the given differential equation nameh 

in S+*£+>=°' wehave 


Z a r (k-\-r) (k + r- 1) ** +r - 2 + Z e r (k + r) x k + r ~~ 

r=0 r=0 

+ Z a r x k+r =0 

r =0 




Z a r (k + r){k+r-] + \)x k +'-*+ Z a r x k ^= 0 
=0 r = 0 

QQ CO 

Z a r {k + r) z x k+r - 2 + Z a r x*+'= 0. .. .(E) 

r =0 r »=0 
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Equating to zero the coefficient of x k ~* which is the 
lowest power of x, we have 


which gives k=i), since 0. .. .(1) 

Equating to zero the coefficient of x* -1 , which is the 
next higher power of x, we have 

*i (l-f-£) 2 =0, 

which gives a x —0, since by virtue of (1), (l-f£)^£:0. ...(2) 

Equating to zero the coefficient of x* +r , which occurs in 
the general term in (E), we get 

(A:+r+2)*+tf r =*0. ...(3) 

1 


This gives tf r+2 = — a r 

as /v = 0 from (1). 

Now Oj=0, from (2). Hence from (4), 

*^l == ^3 = ^ r 5 =: ^2r+l := =0 


...(4) 


...(5) 


Giving to r values 0, 2, 4, 6,... we get from (4) all the 
a’s with even suffixes in terms of a 0 which is an arbitrary 

constant. Thus o 2 = ^4 = 4 ~ 2 2 * ^ 8== "~”6*~4 2 2^**** 

CO 

We have y= 27 a r x k+r 

r — 0 

/ x* X 4 \ 

—°a f 1 — 2 2 "^ 2 2 . 4 2 2 2 . 4 2 6 2 ”^ * * ’ J 

because k = 0, from (1); ^ = 03 = 05 = ... =0 from (5). 

2*11. Definition of J 0 [x]. 

J 0 (x) is that solution of the differential equation 

cj o j| 

+ which is equal to 1 for x=0. J 0 (x) is 

called Bassel Function of the zeroeth order. 
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2*12. Series for J 0 (x). 

The series in (F) of article 2*1 becomes a 0 when x = 0. 
Hence from the definition of J 0 (x), a Q = I. if the series in (F) 
of 2*1 is going to be a series of J 0 (x). Hence substituting 
this value of a Q in the series, we have 

X 2 X* x* 

Jo ( x )= I 2*742 2 2 . 4 2 .6 2 •• •••(F) 

We notice that in (1) of 21, the equation to determine 
k, namely a 0 k* = 0 , gives two coincident values of k each 
being equal to zero, we are thus in possession of only one 
solution of the differential equation with which we started. 

1 

2*13. To show that y=- I cos (x cos <t>) d 0 satisfies 

77 J 0 

d 2 v 1 dv 

the differential equation ^- 4 -- ^-+.y= 0 . 


and that y is no other than J 0 (x). 

We have y— - f cos ix cos 0) d<J>. 

77 Jo 

Differentiating under the sign of integration, 
= ~ [ —sin (x cos 0 ) cos <f> d<f >, 

77 J 0 


(Agra 1955) 


...( 1 ) 


dv 1 
dx 
d a y 


i*y 1 f* 

ix*’ 7 t) 0 


cos (x cos <t>) cos 2 0 d<f>. 


...( 2 ) 


...(3) 


dx* "jo 

By evaluating the right hand member of (2) by the 
method of Integration by Parts, we have 

dy 

dx 

— cos (x cos 4>).x sin 2 0 d<t> .. .( 4 ) 




sin (x cos <A) sin 


in *y. - f, 


cos (x cos <!>).x sin -0 c /0 


■] 


~t\ 


0 

it 

0 

7T 


cos (X COS 0) (1—COS 2 0 ) c/0 


COS (X COS 0) 


*+* I 


COS (X COS 0) COS 2 0 c/0 



42 


Spherical Harmonics 


=—xy—x 


dy 

dx* 


[from (1) and (3)]; 


. d*y \ dy 
•• dx^xdx^ y 


[dividing throughout by jc]. 


1 f* 

Thus y=- I cos (* co9 <f>) d<f> satisfies the given differ- 
77 J 0 

ential equation, which is Bessel’s equation of the zeroeth 
order and since this integral for y has 1 for its value when 
x=0, it is no other than J 0 (x), as J 0 ( x) being the solution 
of Bessel’s equation of the zeroeth order is equal to 1 for x=0. 

Exercises 2 (1) 

1. In result (1) of article 2*1, can we say a 0 =0, k^tO ? 
Give reasons for the answer. 

[Ans. a 0 being the coefficient of the very first term can 
not be zero because with whatever term you begin to 
write the series that term is the first term and if the 
coefficient of this term is zero, you can not write the 
first term, that is, you can not begin to write the series 
in other words you can not write the series at all. Hence 
a 0 zj£ 0, and so, k = 0. 

2. Put cos (x cos <£) as a series in powers of x cos <f>, and 
then integrate with respect to <t> between the limits 0 
to tt for >/>, x being independent of <f>. Do the same with 
cos (x sin <f >), and thus show that 


1 

TT 


tt 1 

cos (x cos 0) d<f>=- I cos (x sin </») d^=J 0 ( x). 
o 77 Jo 



CHAPTER II 


Part 2 

Integration of Bessel’s general equation in series, 

Bessel’s function. 


2*2. Let 
equation 


us integrate BessePs general differential 


d 2 y 1 dy ( n 2 \ 




OO 


Put 


J>=27 a r x k+r ; then 

r=0 
dy 00 

^-=27 a r (/: + /■) x k+r ~ l , 

“•* r*=0 

d t v 00 

cii* = r E 0 aAk+r) <*+ r -u * fc+r - 2 . 

Substituting these in (1), we have 

oo oo 

Z a r (k+r) (A:4-/*— 1) **+»- 2 +27 a r <A:-f-r) x *+r -2 

'=» 0 r=0 

oo oo 

-f-27 tf r * fc+r --27 <j /i*jc*+ r —*=sO 

r = 0 r=0 


OO 


OO 


or 27a- r {(& + r) 2 
'=0 


n 2 } ** +r -» + 27 a^'ssO. 

r=0 


...(S) 


Equating to zero the coefficient of x k ~ 2 which is the 
lowest power of x in (S), we have 

a 0 {k 2 —n 2 ) = 0 which gives fc= ±//, since a o ^0. ... (1) 
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Equating to zero the coefficient of x k ~ l which is the 
next higher power of x in (S), we have 

{(1 —rt 2 }=0. 

As (1 -ffc) 2 — n 2 ^£0 by virtue of (1), 
so • • • (2) 


or 


Equating to zero the coefficient of x fc+r in (S), we get 

0f+2 {(& +r + 2) 2 — n*}-\-a r =0 ...(3) 

° r for k — n ... (4) 


° r+2 (/i+r+ 2) z -n* 


a ' +, ““(=‘n+4 r 2) 1 ^* f ° rA “ “* (5) 


From (4), 


_ ___ 

f+2 (r+ 2) (2n + r+2) * 


• • 



From (2) and (6), a l =a 3 = a 5 =... =0. 

Giving to rvalues 0,2,4, 6,...we get the corres¬ 
ponding a J s which on substitution give us our solution as 
the series 


=a 0 x n £l- 2 ~ 


jc* 


+ 


2 (« + 1) 2.4.2 s * (/i+ 1) (0 + 2) 


Mr 


+ (-D r 


+ 


• • * j»* ** 


(7) 


2 r .r !.2 r .(fl+l) (n + 2 ).. .(«+r) 
where a 0 is an arbitrary constant. 

The other solution is obtained by replacing n by — n 
in (7). 

Definition of J„ (x). (Agra 1952, 54, 55) 


The solution as given by (7) is called J n (x), when 

1 

°° 2"/*(/!+1) * 

where, as we know, T(/i + l)=« !, if n is a positive integer. 

In fact J n (x) is that solution of the general Bessel’s 

X n 

equation, which behaves as for values of x. 
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so that, ^W= 2 -„ r ^ TT) [l- 2 - 


or 


2(n+l) 


+ 


J n(x) 2".r(/i+i)[ r |„ ( ,)r G) 


2.4.2 s * (n+l)(„ + 2) 

2 r 


4-. 


-] 


X_ 1 _ 1 

r !.(/*+!) (n + 2).. .(”+/•)J 

= (if" rr^+r 


+ !)• 


...( 8 ) 


and 


°° ✓ N . - 1rl + 2r 1 

J.„(x)= 27 <-i)-Yf) r ,-rr- n 

r -o \2y r:.i (— n 


+ r+l> ...(9) 


J„(x) as defined above is called Bessel’s function of the 
First kind of order n. 


The complete primitive of Bessel's equation is 

AJ n (x) + BJ_ n (x) t 
if n is not an integer. 

2*22. To prove that J_„ (x) = (— I)" J„(x), n being integ¬ 
ral and positive. 


We have, /_„(*) * 


OO 

z 


r -0 



— n + 2 r j 

n •-Tf-zi+r-H)- 


Here, in the denominator of all the terms which precede 
the («-bl)th, we have for the argument of r either zero 
or a negative integer, thus making r(0)= T( —N) = oo , where 
— N is a negative integer, hence all the terms which precede 
the (n 4- l)th 'vanish as the denominator in each case becomes 
infinite. Hence 




—n+2r 


r\.r ( —r-f-1) 
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X\ — n + S (*+ n ) 


2 s-fn 


=(-" "£„<-»• (f) 

=(-1 ) n 4W. 


1 


(w+ j) !. T (— n + s 4- n + 1) 
1 


(*+*) !.r(s+l) 

n+*i j 








Exercises 2 (2) 

Is the result J. n (*)=( —1)" 7„(x) universelly true ? 

Ans. No. it is true only for integral values of n. 

Do you think that you have completely solved Bessel’s 
equation for the case when n is an integer ? 

Ans. No. The two solutoons J n and 7_ n being not 
independent due to the relation (x) =(— l) ,l J n (x), 
a further investigation for the second solution is needed. 


Prove that (*)= \/ Qi ) sin *• 

j We know J u (x) = - 1 ]-* 

L 2»/’(n+l)l l 2.2(n 


(Agra, 1963) 


2.4.2*(n + l)(/t + 2) 


} 

so that J i (*) —f-V ~~fl - 2 i_ -*_ l 

WADI 2.2.| + 2.4.2 2 .S.$ *7 

w*Y _i_L.ji._jE!_ 1 

W iADl 2 .3^2.4.3.5 •7 


= V*v/_2 


1/ _-x 3 x 4 1 
‘.xf 3!+4! ”7 

sin x [as T(A) = v / ' 7r ]J. 


Prove that J .> (.v) = .f- cosx. 

V(rrX) 



CHAPTER II 
Part 3 


Recurrence formulae for J„(x) 


2'3. n being a positive integer, we have 

(—iy {*y +Zr 

[By (8) of Art. 2*2] 


J n (*)=Z 


h (!) 


r-o r \ .(n+r) 

" r -0 r \.{n+n ! ’\2) 


n+2r 


...d) 


-h-^Txih 7T1© 


n+ 2 r 


® (— I) r .2r 

"’"r-o r ! (/*+r) ! \2/ 




n+2r -1 


a? 


= /jy n (x)-x 27 


(-IP 


.© 


n+2*+i 


,-0 S 

[Putting r— l=j] 
=nJ n (x)-xJ n+l (x). ...(A) 

Again, (1) can be written as, 

x#' (X )= r (- l) r K-w) + 2 (fi+r)] /x\«+*' 

n() r-o r !. (/i-f r) ! A2J 


d? 


xJn (x)=—nJ n (x)+x Z 


(- 1 ) 


r-o r !.(/*+ 

= -nJ n (x)+xJ n - x (x). 


iil- 

r-1) ! \2y 


X\n+2r-l 


...(B) 
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Thus, we have from (A) and (B), 

(Agra 1954) 

xJn (x)=^r,J n +xJ n .^ .. .(II) 

(Agra 1954) 

From the above we get by subtracting and adding 

2n J»=X(Jn-x+Jn+l). ...(Ill) 

(Agra 1952, 56) 

2/n (x)=J n _ t — J n+1 . ...(IV) 

(Agra 1963, 58) 

2*31. To prove 

d Ox {X " J " (X)) ** X " J -» (x) ’ (Agra 1957) 

N °w dx {x n J n (x)}=nx n ~ 1 J„ (x)+x n J n ' (x) 

=*"-* lfJ n (X)+xJ„’(x)} 

=x n -i {riJ n (x)—nJ n ( x) -f (x)} 

[By (II) of Art. 2*3] 

=x»J n _ l (x). ...(V) 

To prove 

dx n ^ n (*)• 

We have 


dx 


{*-V n (x)} =-wat'•-» J n (x) +x~ n J n ’ (x) 


= A -n-i {-nJ n (x)+xJ n ’ (x)} 

=*~ n “ 1 {-nJ n ( x)+nJ n ( x)-xJ n + l } 

[By (I) of Art. 2*3) 
= -x-”J n+1 (x). ...(VI) 

Exercises 2 (3) 

1. Show that 

(i) J 0 'ix)=-J l ix), and (ii) 2J 0 " (x)=J 2 (x)—J 0 (x). 

[To get (ii), differentiate (i) and apply (IV) Art. 2*3], 
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Prove that 

2 

•/„+3+4.«=- («+4) (Agra 53) 
[Put (n+4) for n in IV Art. 2*3]. 

Show that 

(Agra final 1947) 

[Use recurrence formulae (I) and (II) of Art. 2'3 in 
evaluating the left hand side). 


CHAPTER II 


Part 4 


Generating function for J„ (x). 
Certain Series involving J n (x). 

2»4. Generating function for J a (x). 


f Al\ ^ 

To show that e 2 * t '=2J. 


— 00 


n (X) t\ 


(Agra 1963, 1952) 


We know. 


X 

^2 


J '=£ 1 ( x 

Y,r 

r=0 r ! \2J • 

x 1 

e -2 • I 

ft)' 

s=0 s •' 

\ 2) 

multiplication. 

- 1 ) = S ±fx) 

r=o r ! \2J 

r oo 

rx 2 

s= 0 


...(A) 


...(B) 


-DW -(o 


The sura of terms involving t n in the product of the two 
series on right side of (C) for any given value of n , consists 
of all terms formed by multiplying each term 

ff (■“!) J* of the series (B).-with the term .^ n+ */«+« 

of the series (A), where s takes values ranging from 0 to oo. 
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Hence the sum of all terms involving t n in the product 
of the two series 




1 


n+ff 


fTl+$ 


}■ 


(" + *) ! \2 

so that the coefficient of t n in this product of the two series 
in (C) 


00 


= 2 


(-1) 


s==0 S ! («+*) 


• /x\ n+t * 

iu-Q =y " (jr) - 


... (Fi) 


Similarly, the coefficient of — is obtained from terms 

x r 

obtained by multiplying each term f} t r of the series (A) 

( _y\n+r 1 

with the term (n+r ji”+ r of the series (B)> where r 
ranges from 0 to oo. 

Hence the coefficient of ^ or of t~ n in the product of rhe 
two series in (C) is 

r fo ( - ,r+r '-M"W© 


n+2 r 


n+2r 


«(—1 ) n J n {x)=>J-n(x) [Art. 2-22]. 
In view of (C), (Fj), and (F a ) we have 


•. .(F 2 ) 


=2 J„(x).t". 
— 00 


...(F) 


This is exactly what we had to prove. 

Because of their appearance as coefficients in the above 
expansion, (F) the functions, J n of integral order are known 
as Bassel's Coefficients, 
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2*41. 


Series for 


cos 

sin 


(x sin 0), 


cos 

. (X COS 0). 
sin 


By putting t=e l * in (F) of Art. 2*4, we have 

e' 7 sin 9=27 e in ? J n (x) 

n = —oo 

or cos (.x sin 0)4-/ sin (x sin 0) 

+ [7 2 (x) e 2/( P-f_y 2 (x)- 2 ‘> 

+[•*■(*) « 3< *+-/,<*) tf“ 3 *>J+... 
=y 0 (x)+y 1 (x) 

4-.A (a) [c 2, >4-e- 2 ‘9J+y3(.x-) [ e 3 '?_^-3'9j 

+^|W [e 4, ‘»+e- 4, >]+. 

[because y_ n (*) = (- 1 )" y„(.v)] 
= (*/ 0 (*) + 2/ sin 0 y 4 (a) 4-2 cos 20 y 2 (a) 

+ 2/ sin 30 y 3 (*) + 2 cos 40//W+.(F) 

Equating real and imaginary parts in (F), we have 
cos (x sin 0)=y o (Ar) + 2 cos 20 y 2 (A)4-2 cos 40 y 4 (a) 4 -... 

...d) 

sin (x sin 0) = 2y, (x) sin 0 + 2y s (a*) sin 30 

-f-2y 6 (A) sin 50-f-.(2) 

By replacing 0 by * — 0 in (1) and (2), we get 

cos (x cos 0)=y o (x)-2 cos 20 y a (a) 4-2 cos 40 y 4 (a) 

-2 cos 60 y 0 (A)4-.(3) 

sin (a cos 0) = 2 cos 0 J x (a) —2 cos 30 J 3 (a) 

4- 2 cos 50 y 5 (a) — 2 cos 70 y 7 (a) 4-.(4) 




Generating Function for J u (x) 
Exercises 2 (4) 
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1. Show that 

cos x=J 0 (x)— 2 J„ ( x) + 2 J i (x)—... 
sin x = 2J, (x) —2/ 3 (x)-\- 2 Jr 0 (x) —... 

(Agra 1936) 

[Hint. Put 0=0 in (3) and (4) of Art 2*41]. 

2. x sin x=2 [2V 2 (x)-4V* (x) + 6V e (x)-...) f 
x cos x=2 [IV, (x)-3V 3 (x) + 5V 6 (x)-...]. 

[Hint. Differentiate (3) and (4) of Art. 2 41 twice with 
respect to 0, and then put 0=0]. 

[X 1 

3. Show that I x“" /„+, (x) dx= ^ ~ r{n+X ) -x n J nt where 

n>- 1. ° [Use (VI) of Art. 2 31] 

4. Show that j* xV n ., (x) dx=x n J n (x). 

[Use (V) of Art. 2 31] 


CHAPTER II 


Part 5 


Integrals for J 0 (x) and J„ (v) 

2 * 5 . From (I) of Art. 2-41, we get by integrating with 

respect to 0 


j cos (x sin <f>) d<i>=TrJ 0 (x). 


f 

J 0 


as other terms on the right hand side vanish between the 
limits of integration. 

J 0 (x)=~ cos (x sin 0 ) d 0 . ...(A) 

Again multiplying (I) of Art. 2 41 by cos n<f> and inte¬ 
grating, we get 

css (x sin */>) cos nj> d<f>= 0 or nj n (x), .. .(1) 

according as n is odd or even. 

Multiplying (2) of Art. 2-41 by sin n* and integrating, 
we have 

| 0 s,n {x sin sin d+ = 0 or t rJ n (x), ...(2) 

according as n is even or odd. 

Hence on adding (I) and (2), we get 

J 0 {cos (a- sin <i>) cos /»0-f sin (a sin <i>) sin « 0 } d<J> 

77 (■*)» whether n is odd or even 


1 r* 

n (x)=~ cos (n 0 -x sin 0 ) d 0 

77 J n 


whether n is odd or even. 


...(F) 
(Agra 1962, 58. 56, 52) 
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2*51. To prove 


j " w= v* ad+fjG) i: cos (x sin ' a) c ° s2n * d,,, ‘ 

...d) 

Expanding cos (x sin <t>) in powers of x sin <f>, the genera 1 
term on the right hand side is 

( - 1)r JJ fn , si “ !r * cos! " * 


Now 


f« • "r 

sin* r 

J 0 


(f> cos 2 ’* <l> d‘fr 


= 2 f sin- r <fi cos 2 " </> d4> 

J o 

^J 1 ,(2r-l)/2 ( 1 — / j«2r»-l)/2 rff 


where /=sin 2 <J>; 

L) 

A i -\-f +w) 


Hence the general term on the right hand side of (1) is 


_J_JL_ ^V(-ir 

“V* # A«+#)‘W 1 (2 r) ! 


3 ...i m> r(ii+*) 


/’(l + r+zt) 


/x\ n+zr 1 1 

= ( - 1)r bJ r! /vr+y+ir 8eneral term of J " 


Thus, we have 


J n (x) = 


V^A 


(2) J, 


cos (X sin <f>) cos 2n 


2*52. Investigation of the solution J n (x ) of the Bessel’s 
differential equation in the form 

J„(x) = (-2)"x"^~ J 0 (x). (Agrai95g) 
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We take the differential equation for J 0 (a:) and change 
the independent variable in a certain manner and differen¬ 
tiate n times and then we take the differential equation for 
J n ( x ) and change the independent and the dependent varia¬ 
bles in certain ways and then by comparison we get the 
result thus. 


Consider the equation 

d 2 y \dv n 
dx' + xfx +y =° 

J n (*) is its solution. Changing the independent 
from x to X, by the relation x 2 =X, we have 

dy dv dX _ ? dy 
dx~~dX‘dx dX 

d z y_ 1 dy_ d 2 y dX 

dx*~ X~^ dX-'dx 

^dv J , d*v 

~ 2 tx +4X dX* 

Substituting in (1), we have 

d*v dy ~ 


...( 1 ) 

variable 


...( 2 ) 


Differentiating (2), n times with respect to X , we get 

4 - Y ^"+ !+4(n+1) Ix^+Jx^ 0 - 

Pufing — (S) 


d 3 Y d Y 

4 X^+Atn+D^+Y 


=0 


.(3) 


Now take the equation for J n (at) namely 

d 2 y 1 dy ( n i \ 

ap+ia+C'-**)'- 0 - 


.(4) 



Integrals for J 0 (x ) and J. (x) 

In (4) put y=x n Z. 

then d * Z ,(2«±i)^Z 

dx*+ x dx+ Z ~°- 

In (5) put x 2 =X; it then becomes 

d*Z . .. dZ 
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...(5) 


4 ^ + 4 (-+DS+Z-0. 


...( 6 ) 


or 


or 


Comparing (3) and (6), we see that Z— Y ... (7) 

resolution of (4 )=x"Z=x n Y, [From (T) and (7)] 

=X "-(dx) J o( x ) [From (S)J 

d n 

>’ = *" — jr 9 J 0 (X) 


d (x*Y 


d n 


J n (x)~c.x n — - y 0 (*) 


..( 8 ) 


where C is a constant to be determined 

" ’ rf(*VV 2 a+ 2 3 .4*“2*T4«.6 s ' f ‘ ,, 0 

= Cx^ d --(\^ t M ~ (2 \ \ 

<//" V 2 2_i ~2 1! .4 2 ‘"2 a .4 2 .6 2+ * • •) 

where t=x 2 

V S ( _i)»-*r__ 

W// r—o 2‘.4 2 .. .(2/; -t-2/-) 2 

[as all powers of / with indices less than n 
vanish on dilferentiation] 

= Cx n . 2 (— n«+r ( ^± r) _L ,7 + r ~ • -0'~h 1) l r 

r- o * 2*. 4-... <2/7+20- 

= C.x" 2 (_l)"+' - 


r -o (2 z /' +r .(r -'i'-tz-T 1J(>+2')... (r + /ij 


...(9) 

( _ ] 

= C.x n .-- a ~^-|^ for small values of only the 
lowest power of at in (9) having been retained. 
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Hence from the definition of J n that it behaves as 

——— for small values of x (Art. 2’2), C=(—2) n . 

2 n (n) ! 

With this value of C, we have from (8) 

J n (x)=(-2) n x n J o (*>• ( Ag ra 1958 ) 

Now, putting the same value of C in (9), 

Jn (X) = ( —2)".x" (— l) n+r ^ 2 *r+*n ( r 7]* (r+lT(r+2).. .(r+/i~j 

eo 2 n JC n+2r 

= r fo ( “ 1 )2n+r *»• (r !). 1.2.3 — 

«° 1 /x\ n+3r 


«° 1 /x\ 

= r fo (-I) 'v! (n+rjru) 


== rf» (_1)r '-! r(n+r+l) 


© n+ 2 r 

[the series for J n ] 


Exercise 2 (5) 

1. J^cos (* cos cos (2 rt + U d(f>=O t 

j* sin (x cos <£) cos 2n<t* d<f>=0 . 

2. Show that 

(a) f* cos (x cos 0) cos /i<£ difi=J„ (x) or zero 

77 Jo 

according as n is even or odd. 

f" sin (x cos <f>) cos d^—J n (x) or zero 
7T Jo 


(b) 


according as n is odd or even. 
[Use results (3) and (4) of Art. 2*4.] 


CHAPTER II 
Part 6 


Integra! properties of J n (x). Zeros of J„ (x) 
2*6. To show that f J n (k r ) J n (k'r ) r dr= 0, 

J 0 

where k and k' are different roots of J n (xa) = 0. 
Consider the equations 

_ d 2 u du . „ 2 o. 

'* d?i +r Tr+ ik ' r n ) “ =0 

r» ^+r^-+(*'V 1! -n')v=0 
dr* dr 


..( 1 ) 


...( 2 ) 


u 


...(3) 


Multiplying (1) by and (2)by and subtracting, 

(vt/ — uv') J> + (A: 2 — k'~) ruv= 0 

Since u=J n (kr) and v=J n (k'r) are solutions of (1) and 
(2), integrating (3) with respect to r between the limits 
from 0 to a ; we have 

f° (k*-k«) J„ ( kr ) (k'r) r dr 

J 0 

=[/-{/„ (kr).J„'(k'r).k'-J„ (k'r) (kr) *}]“ =0 

[since J n (ka) = 0, J n (k'a)—0.] 

Hence the theorem. 

2*61. All the roots of J n (x) = 0 are real. 

If the theorem is not true, then take two conjugate 
com pie x roots A-j -i/i and A— i/x. 
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Put in the result of the last article, 

ka=\+-ifi, 

Then 4iX/x P J n (kr) J n (k'r) r dr=0 ...(1) 

Jo 

But J n (kr) and J n {k'r) are conjugate complex quantities, 
say, equal to P±iQ and P— iO respectively. 

Hence (1 ) becomes 

4/V r (P 2 + Q-) r dr= 0. 

J 0 

Since the integral is not zero as the integrand is 
throughout positive, we have A/x=0, but A cannot be zero 
as then a purely imaginary quantity i/x will have to satsify 
d n (x) = 0 which is impossible since the sum of decidedly 
positive quantities cannot be zero; it, therefore, follows that 

M = 0. 

Hence the theorem. 


2*62. J n (x) — 0 has no repeated roots except x = 0 

(Agra 1959) 

We have from (I) of Art. 2*3, 


J' n = " J n -J. 


n +1 


Suppose a is a repeated root of J n , then 

•M*) = 0, J\ (a) = 0, 
so that from (1). 7 n+l (a)=0 , 

and then from (III) of Art. 2 3, J n _ x (a) = 0 

Thus for the same value a of *, J n ( X ). J n „ (x), J n . x (x) 
are all equal to zero, which is absurd as we cannot have 
two power senes having the same sum function. Thus 
there cannot be any repeated root of J n (x) = 0 except x = 0. 


Zeros of J„ ( x) 
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2*63. Solved Examples. 


<A)« 


Example 1. Show that 2 J n **{n+ 1) — («-f-3) J n+3 

+ (w + 5) J n+5 —... 
(Agra 61, 58, 56) 

From recurrence formula III Art. 2*3, we have 

2 

^«+/ n + 2 =- (« + l) 4+i [replacing n by n-fl in 

the formula] 

2 

-(•/fl+ 2 K + i)=- y (« + 3)/ nM [putting n + 2 for n in 

the above and chan¬ 
ging the sign of both 
sides] 


Jn +4 + ^n+6 — x ( w +5) •^n+5 


-(^n+B + A+e) ——- (W + 7) / n +7 


f* 


M 


n 


From the series for (x) we notice that as -*-0 as 

n • 

n-»-oo Q— ; being the nth term of a convergent series^, and 


x n 1 

/„ (*)= — a convergent series. Taking limits, •/» = (). 

ft 9 ** 

Hence on adding both sides of (A), we have 

*A» = ~ [(*+ U Jn+l — (« + 3) ^n+3 + (^+5) 7„ + 5 

-(« + 7) ...(I) 
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or -f={{n+ 1) J n+1 —(/i+3) / n+3 + (n+5) J n+5 -...}. 

Example 2. Define J„(x), n being a positive integer , 
and prove that 

dx~x { IT ~( n +2) J n +2 +(n+4) / n+ 4 — (n+6) / n+0 -f-.. .J. 

(Agra 1955) 

n being a positive integer, J„(x) is that solution of the 
differential equation ^)= 0 » which behaves 

x n 

as s*—j for small values of x. In fact. 

Am « /» • 


oo 


J n {x)=l 7 


(- 1 ) 


r /*y+ jr 

'+1) \2y * 


r =0 r • • D(n-^-r-\- 1 ) 

(Rajasthan 1959) 

From recurrence formulae (II) of Art. 2*3, 


— ~ x n +’ x ( w + 2) J n +2+(w+4) J n +i — (n+6) J n+6 

-f... [by result of Example 1] 

= ~ £‘2 ? “( w +2) J n + 2 +(^+4) (w+6) 7 n+8 +... J. 

Ex. 3. Prove that 


{Jo (x)Y+2 [{J, (x)Y+ {J 2 (x)}*+. ..]=/. 

(Agra 1957) 

Equalities (1) and (2) of art. 2*41 are as follows : 
cos (x sin <f>)=J 0 (x) + 2J 2 (x) cos 2<£ + 2/ 4 (x) cos 


...d) 

sin (x sin <f>)=2J l (x) sin <£4-2/ 3 (x) sin 3<fi+2J s (x) sin 5<£ 



+ • • • 
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Squaring and adding (1) and (2), we have 

1 = {AW} 2 + 4 [{AW} 2 sin2 cos 2 20 

+ {AW} 2 sin 2 30 +{AW} 2 cos 3 40+...] 
+ terms involving single power of cos #i0 where n is even, 
-{-terms involving product of either two different sines or 
two different cosines. ...(3) 

Integrating (3) with respect to 0 between the limits 0 to 

7r, we get 

j 7 " l.J0=£ (AW) 2 <**+2 | o ‘ [{AW} 2 - 2 sin 2 0 

-HAW} 2 -2 cos 2 20 +{AW} 2 - 2 sin 2 0 
+ {A(*)}*• 2 cos 8 40 + ...] d<f> 

+ integrals of terms involving single powers 
cos ni> or products cos #70 cos #7?0 or products 
sin p0 sin q<f>, where n and m are even positive 
integers and p and (] are odd positive integers 
which, on evaluation, all vanish between limits 
of integration 0 to it for 0. 

Hence, 

77 —it {A W}*+2* [{A (*)}•+ {A W} 2 +{A (*>}* 

+{A W} 2 +*..)» 


as 


f" 2 cos 2 «0 </0 = |" (1 + cos 2#10) £/0 = 7#, 


2 sin 2 ##?0 r/0 = j* (1—cos 2m0)</0 = 77, 
where m and #» are any positive integers, 

or 1 = {A W}*+ 2 [{A (*)}*+{A (*>}*+{A W} 2 

+ {A (*)}*+.••) 

Aliter. 

e w/2 x e -z/ 2 x = e zlZ{z-lla) 
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Jo (z)-\-x*Jo (z)-f-..» 

= J o < z '+( x -;) J 1 W+(**+^) J, (Z) 

+(*’-j,) j» {--) +.(A) 

and r «/*xe f / ? *=e 1/J (-*+i/*) = J x *j n ^ 

= J o ( r )+ (]-*) J i <*>+(?+*■) J , (z) 

+ ^ x 3 - ^ 3 ^ J 9 ( z )~h .(B) 

Multiplying (A) and (B) and equating coefficients of x°, 
l = Uo (*)}*+ 2 {/, (z)} 2 +2 {Jo (z)}«+... 

Ex. 4. Deduce from the result of example 3 

! Uo <*) I < U and I J« (x) | < 2“ ,/2 . (Agra 57) 

From the result of example 3 above, 

{Jo (*)}*-1-2 [{/ t (*)>*+{/, (x>}*+...]. 

{/.(*)}*< 1 or |/ 0 (x)|<l. 

Since 

2 {A Wj’=i-2 ;;/„ (00)72+;/, (*)}*+{/, (x)} ! +... 

... + {/„_, (*))*+ {/„+, (*)}*+.. 

{ y « W}‘ < or I K (*) I < 2 -i, or < (2)- 1 ". 

Ex. 5. />rm the recurrence formula 

2J n (x) = J n -1 (a) — J, i+1 (x), 

deduce the result 

2Tj ' r) ( X ) =J n-r—rJ n - T + a+-~2 Jn-r+t— • . • + ( — 1)' J n + r . 


(Agra 1963, 1958) 
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Differentiating the result 


J' n (x) = 


J n —\ f*) 


...( 1 ) 


Jn (X)=b {J' n - X (X)-J' n+l (X)} 
1 \J„-2 (X)-J„(X) J n 
“21 2 


UTI » /# 

J n (X )_ J n (X)- J n+i (X)| 


= 22 {Jn- 2 ( X)-2J n (x)+J n+2 (*)} 

= ^i {•/.-» (X)--C,7„ (x)+'C 2 y„ t . (*)}. ...(2) 

<*)=4 {v'„-2 (x)+r„„ (x)}. 


4 .[ 


L f *A»—»(x) —y n _i (x)_. 
2*1 2 


y n _, (x)—y n±L oc) 

2 

, Jn^X (X) — J n + 3 (X) 
+ - 2 


= 2-3 “ 23 C 1 /„- 1 (x)4- 3 <V n+1 (x)— 3 C-7 n+3 (x)]. 

Differentiating in this manner s times, 

J n l>) (*) = 27 t J *-' (*)—*<V fl _ H .o (x)-pC 2 y„_ s+1 (x)-... 

y, + .(x)]. ...(F) 

Supposing the law indicated in (F) is true for s differen¬ 
tiations; we shall show that, for that reason, it is bound to be 
true for j-f-1 differentiations. 

Differentiating (F) once again, 

Jn<‘ +t) (X)= [. [J'n- $ (X) —'(Ws+S (X) + -C 2 y' n . m (X) - . . 

+ (—l)*y'n+, (X)] 

i /y„-,-, (x) y„_, +1 (x) 

" 2 -| 2 

t r< Jn—t+x (x) —y„-,+3 (X) 

- 2 - 


I 
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-\~*C Jn-i+b (X) 


sr ^n-»+5 (*) “~^#i-*+7 ( X ) 
— t a r 


+ • • • 


...+(-!)« 4 m= 1 _(£L -^«±£±1 


fx> 


! 


1 


— 2 *+i [^n-(*+D *”0 +*Q) ‘^n-3+l + (*C 1 + *C' t )/ fl _,^3 

“(*Q + *^3) *^«-«+5 + • • • 

...+(-n a rc.-j+'C.) /„+,-!+(-! )* +l y B+l+1 ] 


or 2 ,+1 7 n (s+1) (.X) =y n _ ( , +1 ,-*+» Q J+ ,+ >c 2 y n _ J+s 

— ,+1 Q •/„-,«+...+(-1 r .** c t j n+i . x 

+(-u m *A»+*+l» ...(F+l) 

From (F) and (F+l), it is clear that the same law as 
holds for s differentiations holds good for (^4-1) differentia¬ 
tions also. Hence the law is generally true. 

Hence, by what is known as mathematical induction, 
we have 


2V.''* (.v) =J„_-rJ„_^+ r - ,r 2T ' ) 1 )V, 1+ , 

whatever integral positive number r may be. 

Ex. 6. Prove that 


xl 2 (x/2) a (x/2) ! 

4 (*) («+!)- (w + 2)- («- 

[^gra M. Sc. (Final) 1948] 

We know ^„_ 1 + / n+1 = ^ J n 


or 

or 



, 2 (//+!), 
— " %/, 


n+l 


-/ 


/»+2 



[putting n +1 for «]• 


a: 
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Now 


1 


1 


n+l __ ___ 

Jn 2 (/!+ I) r T 


[from (I)] 


n+l 


n+l •'n+S 


n+l 


2 (//+-1) 

i/p+2 2 (n + I) 1 

x 

*^n+l 2 ^n+l/^ma 

1 

2 <*+)) 

1 

X 

2 (n+2) 

'* ^n+2 ^n+3 

Jfi+Z 

1 

2 (w+l) 

1 


2 (n + 2) 1 

* ^n+2/^n+3 

1 

2 (n+l) 

i 

X 

2 (/» + 2) 1 

x 2 (n+3) 

X 

xl2 

(n+l)-. 

( 

x12 

2(« + 2) 1 

xl2 

x 2 (n + 3)/x... 

fx/2) 2 

(«+!)- 

x/2 

(«+!)- 

(W+2) 2 (n + 3)/x—... 

_(x/2) 2 (x/2) 2 _ 

(n+2)— (n + 3) — ... 


1, Prove that 


Exercise 2 (6) 


<*) + 37' 0 (x) + 4J" (jt)=0. 
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Prove that 

(*)+/*(*)+... 

= i p„(x)+J’{/ 0 W+A(»)} <*—l]. 

Prove that 

cos x=J 0 (x) — 2J 2 {x)+2J t (x) —... 
sin x = 2J 1 (x) —2J 3 (x) + 2/ fi (x) —... 

Show that 

.v sin x=2 [2 2 J, (x)—<\-J i (x) + 6 f S 6 (x) —...], 
x cos x=2 [l*y A (jc)—3Vg (x) +5V 5 (x) — .. .]. 

Show that 

1 =J 0 (x) + 2 J 2 (x) -\-2Ji{x) ...» 

x=2/ 1 (x)+2.3y s (x)+2.5./ 5 (x)+... 

[Hint. In (1) of Art. 2 41 put 0 = 0; in (2) of Art. 2 41, 
divide by </> and let 0 tend to zero.] 

Show that 

1 = J 0 (x) + 2 J 2 {x) -f 27 4 (x) -4-..., 

:c =2J r 1 (x) + 2.37 s (x)+2.5./ 5 (x)+... 

[Hint. For the first result put 0=0 in (1) of Art. 2‘ 14, 
and for the second result divide (2) of Art, 2*41 by 0 
and then let 0 tend to zero.] 


CHAPTER II 
Part 7 


2*7. To obtain the second solution of the equation 

d 2 y 1 dy 
dx'+xTx +y=0 - 


which is Bessel’s equation for n = 0. (Agra 1953) 

This is an equation of the second order, and hence it 
must have two solutions. 


Since the two roots of kr —0 in (1) of Art. 2'1 are identi¬ 
cal each being equal to zero, we get only one solution J 0 {x) 
of this equation by the method of integration of series in 
Art. 2*1. 

Substitute y=*uj 0 {x) d-iv in the differential equation, 
where u and w are functions of x. We get 

d*w 1 dw , r fd 2 u 1 du\ 2 du dJ 0 n , 

dx‘ + x 7x +w= ~ j ‘ \dx> + x dx)~ dx dx ■ • 

Now u being at our choice, we take w = log x, so that 

d 2 u 1 du_rx 

d7 i+ xTx~^ 


We do this in order to make our equation simpler. 


Hence the equation (1) becomes 
d 2 w l dw 2 dJ b 2 . 

dx* + xdx~^^~ xdx x 1 


[Exercise 1, 2 (3)J 


—x Qf 67 s —.. .)J 

[by Solved Exercise 1, Chap. II Part 6J 
2 (— 1) < " /w ” 1 nJ„ (x), n being even. ... (2) 
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Now A/„ is a particular solution of the equation 

d-y 1 dy _ n 2 
dx 2 +x dx^" y ~ A x 2 " 
by virtue of Bessel’s general equation. 

The general term of right hand side of (2) is 

(_ l)(n/J)-l 


or 




n 


J Jn {X). 


4 

Hence A n =( —for the general term. 
Hence from (3) combined with (2), 

Hence the solution of the original equation is 

y=uJ 0 (x) = w 

y=J 0 lx) log x-f 2 


...(3) 


This solution is denoted by Y 0 (x). Hence the primitive 

(i 2 v ] r)\) 

cf the equation -jr+.y»0 isy=AJ Q (x) + BY 0 (x). 


2 71. 


To establish the relation 



— 2 sin nn 
vx 


(Agra 1961, 1959) 

We have 

A'+^.'+(i-p)4=o. ...(i) 

...( 2 ) 

Multiplying (1) by ar.d (2) by J n and subtracting. 
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or 

T '+[ T= o, where 


or 

r i c 

T = — ~ t or log r=log 

...(2) 

or 

7WV_»— 

...0) 


where C is an arbitrary constant. Comparing coefficients of 
x on both sides of (3), we have 


or 


2 n F (//-f- l)'2~ n r (-« + ]) ^ 

In 


i>+l) /'(-/i+l) 


=c= 


F(n) F( 1 — n) n 


sin mr 


2 sin tin 

« 

77 


Hence from (3), T-— 

x 


or 


2 sin n-n 

• • • (Fj) 

irx 

or 


—2 sin mr 

Xir 

•. • (F 2 ) 

or 


, —2 sin mr 


•V 

— "xJf 


or 

d \J. n (*)1 

— 2 sin mr 


dx\J n (x) J 

~ *X J n * (X>- 

• • • (F 3 ) 


(Agra 1961) 

(*i) and ( F 2 ) and (F 3 ) are three forms of the same result. 



CHAPTER III 


Part I 

Expansions in Legendre’s Polynomials. 

3 * 1 . Odd and even functions. 

Definition. / (x) is said to be an odd function of x, if 
f( -x)=-f(x). 

Let /(x) = x 3 ; then f(-x) = (-x) 3 =-x t =-f(x); 

f(x) = sin x, then/(- x) = sin (-x)=»-sin *=-/(*)’ 
/(x) = /> 7 (a). then/( — x) = P 7 ( —a)=( — l) 7 P 7 {x) 

= -P 7 (X) = -/(X). 

Thus x 3 , sin x, and P,(x) are all odd functions of x. 

Definition. f(x) is said to be an even function of x, if 
f(-x)=f(x). 

Let f(x)=5x*- + x 2 , then/(-x)=5(-x) 4 + (-x) 8 

= 5x 4 +x 2 =/(x); 

f(x) = cos x, then/( — a) =cos ( — a)= cos a=/(a); 
f (x)=«/ 0 (a), then/( —a)=J 0 ( — ■ x ) = ^o( Ar ) = / 

Thus 5 a 4 +x 2 , cos(x), and J 0 (x) are ail even functions. 

3*11. If an even function /(a) is expanded as a series 
if functions U n ( a), so that 

/(X) = t/ 1 (A) + (/ 2 (A)4-...+^ 0 (A)+.(1) 

none of t/’s can be an odd function of a. For if it were so 
possible, the right hand side of (1) will change, while the 
left hand side shall remain unchanged, when a is replaced 
by —a. 

A similar remark applies to an odd function of a, that is 
in the expansion of an odd function we cannot have auy terms 
which are even functions of x. 
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3*12. Expansion of x" in Legendre’s Polynomials. 

As P n (x) contains terms of degree n and lower, we 

cannot have in the expansion of x" any P with suffix higher 
than n. Thus we assume that 

x n =a n P n (x) + a n . 2 P n-2W+o n -/ n -i(x)-{-..... .. .(1) 

(^)( ^n —i (x ),... are all even or odd functions 
according as x" is an even or odd function. It is also clear 
tha* P n _!(x), P n _ 3 (x), P n _ 5 (x),,.. cannot occur in this 
expansion, as they are odd functions if x" is an even 
function, and even functions if x n is an odd function. 

h order to determine a r in (1) multiply both sides by 
P r (xj, and integrate; then by virtue of Art. 1 * 71 , 

£ ,,f .W dx=a r P*(x) dx= 2r 2 +I a,. 

Therefore, x"P r (x) dx 

° r ' °' =2r 2 + ‘-?77L 1 X "(£) 1-22], 

Integrating by parts, we get 




or, a r — — 


(2r+I 

2r+l 


1 ) n f» n , / «/y 1 

T\ L^O/x) dx 


[since the first part vanishes for both limits]. 

Repeating this process the necessary number of times 
we get * 

„ _/ nr (2 r+l) n ! f» 

* rf (n — r) } j * (**— l) r dx 

or, ... {2) 



74 


Spherical Harmonics 


Since r is one of the integers n , n— 2, n— 4,..., so, n—r is 

one of the numbers 0, 2, 4, 6.so that n—r is an even 

integer including zero. This renders the integrand in (2) 
an even function of * so that we have from (2), 

2r+l 

2 r +i 

Now put x*=t; then 
2r+J n\_ f 1 
r l(n-r) ! J 0 


a r~ 


- « / ' 

r~l(n-r !)' 2 * J 0 * n_f ( 1 


flr “" 2 r +* 


/(n-r-D/a 


2r+ 1 w ! 


( 


n—r— 1 


+ l) /’«■+!) 


2 r+1 r !(n—r) l f(n—r—1 

2 

-r+I 


= (2r -f 1) 


« ! 


( 


+ l+r+l) 


(n—r)' 




7+7+Tv [vr<r+U-r!] 


) 


(2r+ l).n («— 1 ) („- 2 )...(«- r +l)..r( n r£± 1 ) 

_ or +1 ' , -h r + 1 « + n-r+1 r //i -r-f 1\ 

2 * 2 ‘ 2 **• 2 J \ ~ 2 ~) 
[cancelling factors and applying successively 

/>+!)=„ /»] 

a — (2r+ 1) — n (w—2)...(«—r-f2) _ 

r “ (n+r—1) (n + r— 3)...(«—r+3) 

...(3) 

[by obvious cancellation of factors]. 
Putting r = n, n-2, /;-4,...in (3), we get 
_ 2.3.4. . .n 

" 3.5_7(2#f+l> {2n+l) 

. 4.5.. ./i _ 

,,_2 5:7:7r2^T* (2,/ "‘ 3) 

_2. 3.4.../I 3 (2//-H) 

— 3.5.7.. .(2// -f- 1) X ' 2.3 ( 2 ' 1 ~ 3 ) 
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2.3. 

“3.5.7.. 

6.7.8 

a n-l n y 


4. .. w 2/i+l 

.(2/i+l)‘ 2 


.. .n 
2/2 — 3 * 


(2/i-7) 


(2/2-3). 


2.3.4 — n 3.5 (2/2+1) (2«—1) 


3.5.7...2/2+1* 


2.3.4.5 


.(2/2-7) 


substituting the values of a n , a n _ 2 , . in (1), we have 

{< 2 "+'> ^) + (2«-3). 2n 2 +I (X) 


+(2n _7 ) .<j!L +yj ( 2n - | » f „. 1 w 
+ (2 »-, 1) g5±»tfa-'n 2 -3>, 


n—G (•^) - f _ ’ * * ^ 

.. .(f), 

the last term in (F) being — j-. F 0 (jc) or — P x ( x ) accor- 

n +1 /2 + Z 

ding as n is even or odd. Here it is good to determine a 0 
and a x independently and not by the formula (3) for a T . 

3*13. Illustrative Examples. 

Ex. 1. Express x 1 as a series in Legendre's polynomials. 
We know from Art. 3*12, that 


x"= — — 


n 


1.3.5.. .2/7+ 1 


{ 


(2n+l) P„ + (2n-i) 




\ 2 




+ <2«-7> — + - 2 1 J l 2 — 


+( 2 n -, 1) !^±!ii 2 »=^) fM+ ... 


Taking «=7, we have 


1.2.3.4.5.C.7_ i lsp , u 15 .15.13 
* “1.3.5.7.9.11.13.15 V 7+ 7 ^ 6+7 * * ‘ P ' 


2.4 


15.13.11 


} 
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= Ji P , A P , , p± 

A^n 1 7 i ^5T^ ^ • 


429 


39 


Exercise 3 (I). 


Prove the following :— 
1. M°=^o (/*). 


2. /*»-/>, (/O. 

^*“5 p * (/*)+3 ^0 (/*)• 4. P 3 04+? p x (ft). 


5. u«= 


^ 4 =35 ^ 04+j Pz 0*)+j P 0 (h). 

6 * /x6= 63 (#*) + £ ^3 04+^ P\ 04» 

1% 231 ^ P ~ 0*)+^ A (m). 

8 ‘ ^ 8== 6435 ^ + 495 ^ ^ ^ 

40 „ 1 

+99 ^ 2 04+jj P o 04 


9 


= J28 192 , , , 16 

12155 P ° (/i)+ 243] (/i)+ 65 


65 * <*> 


10. «i° = 


+ 143 04+^ Pi (/4. 

= 46189 P '° (/z)+ 27l7 P * P * ^ 

+ 143 P * ^ + i43 ^2 04 +04 

11. If m < n , show that J* ( M ) d/t=*0. 

12 . Show that fl t P 9 PnMd^~^l 
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3*14. General result 

^/W == C # 'f C,x + CoX 2 +-... 

... + C n x" + C n+l *"+» + C n+2 x n+2 +.(1) 

where the C’s are constants and there are either only a 
finite or infinite number of terms in the expansion, then, by 
picking out the coefficients, we get 


oc 


f(x)=--Z b n P nt 
0 



where b - 1 - 2 - 3 --” J c , (»+D (" + 2) Q 

1.3.5.. ,2/f—l 2 (2/i-f-3) C "+ 2 


I) (>/ + 2) (* + 3) f/i + 4) 

+ 2.4 (2V+3) (2/1+5) " +4 + 



In /(x) = C 0 + C,x + C 2 x*+ ... + C n x n + C n+1 x ,,+1 + ..., 
let us collect terms which involve P n (x) after every power 
of x is replaced by its expansion in P's 


Obviously x", x n+2 . x n+ \ x n+0 . when expanded in 

P’s will give each one term involving P n (x) and no power 
of x less than the /i‘ h can give any term involving P n (x). 

Thus C„x n , C n+2 x ,,+2 , C n+i x n+i , ... in (1) will give each 
a term involving P u (x>. 

In fact, from the result (F) of Art. 3* 12, 

- c -.. 1:4' f j ^+- - • 

c„ +! *-=c„ +2 . 1 . l i 2 5 ' , :: 1 2 V, 2 J , [« 2 "+ 5 » ^ <*> 

+ ,J 5± lM2- t l, J , >M+ ] 

C„ t ,x- = C„ +lK '3 2 5 ^^[(2« + 9) 
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+(2n + 5). 2 ” +V„,, + (2 n + l). (2n+ ^ l 2 " +7) />„+...]• 


Substituting these values in (I), we find that the coeffi¬ 
cient of /^(x) in the expansion of f (x) in (1) is 

(«+1) (/» +2) „ 


h _ 1.2.3. . .n _17 

n 1.3.5.. .(2n—1) 1 c 


+ 


n +2 


+ 


nT ^ 2.2(/i + 3) 

(/i+l) <*i+2)(/i+3) (/i+4) ^ , \ 

274.(2/1+3) (2/1 + 5) n+4 +“*J* 




Thus f(x)=Z b n P n (x), 

0 

„ . 1.2.3.. .n , (/i+l) (n+27 

Where ^ = 1.3.5.2 /i--iL C " + ^ + 3) C " +2 

, ( n +l) (w+2) («+3) (/i + 4) _ "1 .p. 

+ 2.4.(2n + 3) <2«-|-5) + 

3*15. A special case. One special case of the above 
expansion is extremely important and useful. 

1 I 1 / r\-l 


We have /(x) = 


y-x 


( 7 ) A y) 


1 f , t x X* X 3 . . X" 1 

'> l + J ,+ >^ + v» + ** ,+ r“ K j 

= v -1 +>’~ 2 x+>’ _s x 2 + .. .y~ n ~ l x n 

+^-n-l JC n +l+jr-n-»X n+8 + . . . 

Here C n —y ~ n ~ 1 , C n+ j=>’ -,l “ 3 > C n + i =y~ n ~ mi , ••• •••(!) 

Hence from Art. 3*14,/ (x)= = T 6 n P n (x), 

y — X o 


, L 1.2.3.. .n \ ^ , (/z+1) (n 
Whcre iTTsT Si- l { c -+ 27(2/1 + 3) 


+27 


(/i+l) (« + 2) (* + 3) (n + 4) r \ 

-i i Tv i r\ ^fl4*4 + • • • | 


2.4.(2/1+3) (2/1 + 5) 
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1.2 .3. ..n f ,_,, (*»+!) (n+2) w _ 3 

"1.3.5... 2/1-1 \ y 2.(2«+3) 

. (n+ 1) (n + 2) (n + 3) (n+4) _ n _ 5 , \ 

+ 2.4.(2n+3) (2,1+5, r + 

[using (1)] 

= (2»+l)e„O0 [Art. 1-13]. 

Thus 1 = £ b n P„ (x) = r (2n+l) P„ (x) Q„ <y). 

y—X n-o n-o 


.. .(F) 


CHAPTER IV 


Legendre’s Function of the Second Kind Q n (x). 

4*1. In Arts. T12and 1*13, we have already obtained 
a series for Q n (x) in negative powers of x. We have found 
there. 


Qn (X) = 


n ! 


1.3.5.. .(2/t + 1) 




(« + 2) 3 

( 2/1 + 31 ' 


-I 


(/!+ I) (/i+ 2) (n + 3) (fl + 4) 


•n—5 


+ 


• • • I* 


2.4 (2/1 + 3) (2//+5) 

4*11. Neumann's Integral for Q„(x), where x > 1. 

(Agra 1961) 

From Art. 3*1 5, 

1 


where .v 


= r ,2/1+1) P n (u) QJx), 

X ~ U H 0 

1 and — I < u < 1. 


...(I) 


Multiplying both sides of (1) by P n {u) and integrating 
with respect to u between the limits —1 and 1, x being 
independent of u, we have 

j_. ■/“=[(2" + D /’„*(«) </«] QM [Art.jl‘71 (a)] 


= ( 2n+l , . 2n+r e n W [Art. 171 <b)], 


. Q. ( ,)=* f' P :-i u » — u . 

2 J —i x — u 

This is Neumann’s Integral. 


...(F) 
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4*12. Relations between consecutive Legendre’s func¬ 
tions of the second kind and also those between functions of 
the first and the second kinds. 


I. To prove 

nQa(x) — (2n—1) xQrt-iCxJ-Mn-l) Q fl _ 2 (x) = 0. 
Making use of Neumann’s integral, the left hand side is 

^ j i [nP n (u)—(2n — \) xP n _ x (u)+(n- 1) /V-ofw)] ..(1) 

Now by Art. 1*6, we know that 

nP n (u)—(2n—\) uP n -! (m)+(«— 1) / > n _ 2 (u) = 0 
or, nP n (u)+{n — I) P n - 2 (u) = (2n — 1) uP n . x (w). 

Substituting in (1), * the left hand side of the result to be 
proved, now becomes 


(2n — 1) J ^ (x — u) 


(P n - X (u) du 
x—u 


= — ^ (2ai — 1) j" 1 P n - X {") P 0 (u) du 
=0 [Art. 1*71 (a); P 0 (u) being =1J. 


This proves the identity I. 


II. d %M_ d< ?"- , = (2.1+1) Q„. 
d/4 du 

1 f 1 Pn+l («) du 

We have <2„ +1 (*) = 2 J ^ 


Q' n+ iW= 


-i L 


P n+l (u)_du 
(x-u) 1 


(w) 


1 T 

— u J-i 2. J _| 


1 fi P' n „ (u) du 


2 J ( x-u) 

[by integration by parts] 


Also » = 
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Since, on evaluation, 

-* * o- <“> *-y;, 

we have from the above 

ev, w-ev.<*)=' f 1 f>„ +1 "L*- 

= 2 1 j‘ i ( 2 n + 1, ^L^ [Art. 1-62] 

= (2/i +1) Q n (x) [Art. 4* 11 ]. 

Thus Q' n+l (x) —Q' n _ 1 (x) = (2n-hl) Q* (x). 

III. (x : -l) Q'„(x) = n 2 ' n n + 1 l) [Q n+I (x) —Q„_,(x)]. 
From Legendre’s equation, 

J x i(x 2 -l) Q\{x)]=n (n + 1) O n (x). 

(V-l) 0'„(x)J =n(n+\)j‘ Q„(x)dx....( 1) 

From II, we have by integration, 

(2 ' i+1) Il e„w</*=[e. + , (*>-&,-.«]' - ...(2> 

Hence from (1) and (2), 

[ ( x‘-u 0 '„(x»]' W-G«wX-.(3) 

From the series for O n (x) in Art. 1*13, we find that 

for x = oo , 

Qu (.v) = 0, O n _ x ( X )=0, O n+l (.y) = 0, Q\(x)= 0, * 2 <2'n(r)=0. 
Hence from (3), 

(x 2 -l) On / (x) = n 2 ( n n + i 1) [Q n+1 (x) — Q,,-, (x)J. 


IV. (A) 
(B) 


P " (X) Qn' (x) Q n (x) P„' (x)= 2 \ . 

X-— 1 

Q„ (x) = P„ (X) p n , (I) . (Agra 1962) 


Legendre’s Function of the Secohd Kind O n (x). 


From Legendre’s equation, we have 



(*■-1) ^”+2*^"-n(«+ 1, P„=0, 

...(1) 


(x'-l) ^+2* ^-n (n+1) 2„=0. 

...(2) 


Multiplying (1) by On-and (2) by and subtracting. 

we 

have 




o 

II 

ft? 

or 



or 

/ 2 1 v / ( iP ~ p — £ 

<*-"i* Q "~ dx P ")- C 


or 

dPn Q dQ„ p _ C = C (l- I i \“ 

dx Qn dx n X 2 — 1 X 2 l W 

...(3) 


Substituting in (3), their equivalents in series for 
P n (x),P n \x),Q n {x) t Q n '(x) from Arts. M3, and then 

equating the coefficients of ^ which is the highest power of 


x on both sides of (3), we get 


1.3.5...(2/7-1) 
n ! 
or 


//! 

1.3.5.. (2/1-+-1) 
1=C. 


[/i4-( rt +1)] — C 


Substituting in (3), we have 

dPn n _dQ~p = __1 _ 

di Q " dx x'-l 



or 


or 


Q n '(x)PJx)-P n '(x)Q n (x) = 

PnHx) 


1 

(x 2 -1) w 


d rg,u)~i a _ 1 _ 

(X*— 1) />„*<*) 
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or 


[Qjx)i‘ __r 

[_P n iX)] x ) s (* 2 - 


dx 


or 


1 )P«Hx) 

f" dx 

K(x) Jx (x*-l)P n *(x) 
fas the ieft side of (4)=0 for the upper limit] 

Qn(x)=P n (x) £ ( ^~ dx 


...(4) 


or 


1) *V(x)‘ (Agra 1962) 


v. (P,.Q„-,-Q„P„- I ) = 1 . 

n 


[Art. 1*6] 
[Art. 4-12] 


We have 

«/>„ + (,,-1) P n _ 2 = (2n — I) xP u . lt 
«(?*+("- 1) O n _,=--(2rj-l) 

Multiplying the lirst by and the second by P n _ x 

and subtracting, we have 

" (P»Q M -P„-,Q„) + (n-l) (C?„-,P„-,- 0 „_ 2 />„.,) =0 

or « (P„0„- 1 -2„P„_,) = < n -l) (P.-.g.-, 

Hence, we have 

/n —Jn-l == Jn-2 = • • • —/|» 

where/, stands for n (P„Q n .,-Q r ,P n . l ) 

Thus 'MP„e„-,-e„Pn- l )=P.e,,-f 1 P 0 . ...(I) 

Nowft-P.wj; [byivj 

_ I* dx 

X Jx •••(2) 

[as P x (at)=. vj. 

i = /> f* __ dx _f* dx 

° °}r [X--\)P Q * j x (x'—ir aSP o-'- 

...(3) 

Now e—i; 

=x 8o-l 


o 


j^from (3) as x J V =1 T 
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Thus P l Q 0 — Q 1 P 0 = xQ 0 — (xO u —\).\ [from (4), as P 0 =l 

= 1 ...(5) 

so that from (I) and (5), 

n (PnQn-l—QnP n- 1 ) = 1 

or P„Q„-,-Q„P„-i = ’• ...(F) 

vi. P„Q„- a —Q„P„- a =' 2 ( " n ^ X. 

We have, /iP n + (/i — 1) / > rt _ 2 =(2/i—1) x P n _ lt 

"Q n + («—!) Qn- a =(2/J— 1> x 
Multiplying the first by O n - 2 and the second by P n ~z 
and subtracting, we have 

" (PnQn- 2 -QnPn - 2 ) = (2/i — 1) X (/>„_, Qn-*-Qn-Sn-z) 

2,l * x [from VJ. 


n—\ 


2n— 1 


Therefore, P n Q n _._. Q ri P n _ 2 n _l) ^ • • • (^) 

4*13. Solved Example. 

Show that 

d n+l Q n ( — 2)" n ! 

rfx"+* “ (x z — 

We know 


Qn(*) = 


» » _,("+D *-■- 

1.3.5...(2/i+l)L ^ 2.(2« + 3) 

(«+l) ("+ 2) (« + 3)(m+ 4) v _ . 


+ 2.4 (2n+3) (2n + 5) 

Differentiating (/i+l) times, 
d n +'Q n (x) w !(—!)"+* 


+ 


• • 


J X n+l 


- (/i + 1) (/i + 2).. .(2/i+ \ )x~ 2n ~ 2 


1 .3.5.. .(2/i+ 

(/i+l) f/i+2)...(2/1 + 3) 


+ - 


2.(2/1 + 3) 

(/i + l) («+2)...(2/i + 5) 
+ 2.4.(2/;'+3) (2/i+5) 


-I- 


•••] 
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[,2 n + 1 )! + ( ^±^V- 

+ • .(2/i+4)x-«+ ( ~t 2 ^ ! . (2n44)(2n+6)x-* 


1.3.5*..(2 n +1) 
(2/1 + 2) 1 


2.4 


2.4.6 


+ 


...] 


(—l) n+1 x- 2 "- 2 (2/7+1) i 


! []+(n+l)^ 


1.3.5.. .(2/7+ 1) 

(/7+1) («+2) 1 ,(/7+l) (/I+2) (/7+3) 1 , “1 

•x 6+ ***J 
11-"-* 


1.2 X 4-1 " 1.2.3 


+ —Vi — -<+ 

(_l)n+i 2" (/7 !).(2/7+1) ! x" 2 ”- 2 


1,3.5.. .(2/7+ l).2 n ./z ! 

(— 2)".(/7 !) (2/7+ lUTx'-l >"-» 

(2/7+1) ! x* n+ * L x* J 

(—2) n ./i ! 


K 1 


^n+t y— 2ri-2 


(-2)"./7 ! 
(X 2 - l) n+1 ” 




Exercise 4 ( 1 ) 


1. Show that 

Qn (W = 2"./7 ! f </,* f (,x 2 -l) 

J t 1 J H J n 

the integrations being carried out (/j+ 1) times. 

[ 


-1 




/„2_ J\-n-l_ _ 1 W+l (H+l) (W4-2) 

7 /x 2n+jt-^Jn+l+ 2 » /i 2n+« • * * * 


where | > 1, integrate both sides with respect to 
/x between the limits ^ to co,(77+l) times.] 

<2'„ + i-*<?„'=("+!) Q n . 

[Differentiate I of Art. 4*12 and eliminate Q' between 
the result and N of Art. 4-1 2. j 
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dQ n d_Q n . x _ 


x - - _ 

dx dx 

[Subtract the 

Art. 4*12.] 


”Qn . 

result of question 


2, from that of II of 


<**-U 

[Multiply the result of question 3 by x, and write n— 1 
for n in the result of question 2 and subtract the latter 
result from the former.] 
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1952 


1. Define P n and show that 


(ii) 


J ^ P,n (X) P n (x) = 0, 


where m and n are diflferent positive integers and that 


i 


P n *(x)dx= 

-l 


2/i+i* 


2. Define J„(x ) and show that 


•Ai-l + ^n+i = .~ n Jfi‘ 

Prove that when n is a positive integer, J n (x) Tis the co¬ 
efficient of z n in the expansion of e x in ascending and 

descending powers of z and can be expressed as 


J 


„(.v) = - [ cos (nd—x sin 0) dd. 

77 J 0 


3. Define a linear partial differential equation and 
explain Lagrange’s Method of solving it. 


(i) Solve (/+>•+*) ^ + (/ + x + r) d ~ 

d.v ay 


dt 


+ (/ + x+.v) — =(x+y+z) 

dc 


(ii) Solve ., + 3 J--- + 2 -.. = .v+v. 

?x- dx dv r»- 
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4. Explain Monge’s method of integrating the equa¬ 
tion Rr+Ss+Tt= V. 

Apply this method to integrate the equation 

ar-\-bs+ct+e (n — s 2 )=h , 
where a, b, c, e and h are constants. 


1953 

1. (a) Define P n and show that 

nP n =(2ti— 1) xP n - x —(n— 1) P n . 2 . 

(b) Prove that / > n = -| {x± (x 2 — \) x ' 2 cos 6} n dO, n be- 

n Jo 

ing a positive integer throughout. 


2. (a) Solve the equation ^~ + > ,==0 - 

(b) Define J n , n being a positive integer, and prove that 

2 

^n+3+*4»+5 = ~ (rt+4) J n+i . 


3. (a) Define a linear partial differential 


give its geometrical meaning. 

Solve the equation ( niz—ny ) p+{nx — lz)q = ly 

(b) Solve x 2 — — y 2 — —y—H-x — = 0. 

0x- 0> a c/y dx 


V- ua v IVI1 


and 


—mx 


4. Explain Monge’s method of integration of the equa¬ 
tion Rr+Ss+Tt + U(rt-s*)=V. 

Solve the equation 

2pqzs+ z{\+p*)t — z*(s 2 — r/)-f- l+/> 2 -f < 7 *=» 0 . 

1954 


1. 

(i) 

(ii) 


Solve the equations :— 

(y 3 x—2x 4 )/? + (2y 2 -f x 3 y) r/=2z (x 3 —y 3 ). 

?!? 3f r _ 2 02r 4_o 

0X* ax*ay dy 2 * 1 "ay 

— e 2 *+cv_j_ sin (2x+y)-f xy. 
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2. Explain Monge’s method of integration of the 

equation Rr-\-Sz-\-Tt= V. 

Apply this method to integrate the equation 
Ix—y) {xr—xs—ys+yO^ix+y) (p —<7)* 

3. Show that P n is the coefficient of z n in the expansion 

in ascending powers of z of (1 2xz-\-z ) l/ . 

Hence or otherwise show that 

(i) (2n + D xP„=(n+l) P n+l 
and (ii) nP n =xP' n —P' n - ». 

4. Define J n and show that 
(i) xJ n —nJ n xJ n + 

and (ii) xJ' n = -nJ n +xJ n . lt 

. , ,_dJn 

where J n = 


1955 


1. (a) Solve : — 

d*u d 3 u a 8 n_ 39 3 m 
(U 0x a+ 0y 3+ 02 3 0X0y02 


- =x 3 —3xyz. 


(ii) _-- 4 --— 2 =cos (x+2y)+e y . 

0x a 0X dy^dy 

(b) Apply Monge’s method of integration to solve the 
equation r-\-(a+b)s+abt=xy. 

2 . (a) Define P n and show that 


(IP, 


dP n _ n 

- * — = (2n — 


dx dx 


1 ) P 


n- !• 


(b) Show that ^ P m [x) P n (x) dx = 0 t where m and n 


are different positive integers; and that 

PJ(x)dx = 2 

-1 


j 


2n+r 
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3. (a) Show that y=- cos (x cos tf>) di * satisfies the 

Jo 

d 2 y 1 dv , n 

equation 

(b) Define J n , n being a positive integer, and prove that 

n ^-(n-{-2)J n+i +(n+4)J n+t -...ad inf J 

1956 

1. (a) Expain clearly Monge’s method of solving the 
equation Rr-\-Ss+Tt=V. 

Integrate the equation 

(b+cqyr- 2 (b+cq){a+cq)s+(a-hcp)*t= 0 . 


(b) Solve 

dfz __ d*z 
0 x 2 dx.dy 


0 *. z _ l 2 9 —+ 2 — =e 2z+3l ' + sin (2x+j94-*>'. 
0 .T dx dy 


2. (a) If P n (x) is a solution of Legendre’s differential 


equation, prove the formula 


2".«!Pn (*>Hh [(X2 ” 1)nJ - 


(b) Show that 

(i) *fj^=(2n-l)P„-,+(2n-S)P H - 3 

H-(2«—9)P„_5+... 

(ii) 

3. Prove with the usual notation 

(i) /„(*)=- f R cos (wfr—x sin <t>) d<f>. 

77 Jo 

(ii) 2n y n =x(y n _ 1 +y n+1 ). 

(iii) \xJ n =(n-\-\) J ni . l —(«-f 3)/ n+3 H-(« + 5jy n+5 —.., 
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1957 


1. (a) Solve :— 

(i) 


d-z d*z dz . . dz . 

dx* dy'+dx* 3 dy Xy; 


C*z 


.... o a 2 * a ! z , 

(ij) x- — • — 4yx -- -f-4 y 2 — 

dx i y dxdy y 3 y* 


+ 6y 

oy 


(b) Apply Monge’s method of integration to solve the 
equation q {\+q)r—{p + q-\- 2 pq)s+p(\+p)t= 0 . 

2. Prove that (1—2xz-fz*)- 1 ' 2 is a solution of the 
equation 

3v 


z 3* I zv, + a 


a.- -a*{ (1 -*’>l3= 0 - 

Hence, or otherwise, prove that 

P "T~ x r- and c+ \ p - dx= 


2 «-f-l 


where P n is Legendre’s function of the nth order. 

3. (a) Show that for the Bessel function J n ( z ), 

~ 2 {z n J n (z)}=z n J n . l (z). 

(b) Prove that 

{J n (z)}3+2[{7, (z)}*-f2{/ 2 (z)} l +...] = l. 

Deduce that | J 0 (x) | < 1, \J n (z) | < 2-»'\ (n > 1), 
when z is real. 


1958 

1. Solve :— 

(a) r + (a + b)s-\-abt = xy. 

(b) (D 2 -D' a -3D+3D') z=xy+e***. 
i a*z i az_i d*z i_dz 

C) x 2 dx-~x* dx~y* a y*~y 2 dy‘ 

2. Obtain ChristoffePs summation formula for the sum 

Jj (2r+\)P r {x)P r (y). 


of the series 
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Hence prove that 

(P 0 ) 2 + 3/V+5P 2 2 -K..+(2* + l) 

= (« + 1) 2 ( P \)«. 

3. Investigate the solution (x) of the Bessel's diffe¬ 
rential equation in the form 

Jn (X) = (-2r X" J„ (X). 

Obtain the recurrence formula 

2J n f (x)=J n - l ’(xj—J n+l (X) 

and deduce that 

2 r (x)=y„_ r —/■ J._ r+i +'- (r “- ..+(-!)' y„ +r . 

Prove that 

J n (x)=- f*cos —x sin <£) d<f>. 

n Jo 

1959 

1. Solve :— 

(i) r=a*t. 

(ii) (bcq) 2 r — 2(6+ cq) (a-\-cp)s+(a-\-cp) 2 t= 0. 

2. Prove in the usual notation, that 

(,) n^^7* = n f 0 {2n+X)znp » (/x> * 

(ii) (x*—1) P , „(x)=nxP u (x)—nP n _ l (x). 

3. (a) Prove in the usual notation, that 

i j9 i 0 i _ 2 sin tut 

J n J -a J n J -n — --• 

X7T 

(b) Prove that two linearly independent solution of 
Bessel’s equation cannot have any common zero except 
possibly x=0. 

1960 

1. (a) Find the second solution of Bessel’s equation 
when n is a positive integer. 
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(b) Prove that 


7T / n (x) = J 


cos (n0 —x sin 6) dd. 


2. (a) Prove that if n is an integer 

2 " (»'■) r.(x)=(~y 

(b) Prove that the equation P n (x)=0 has n real roots, 
all being between —1 and -f-1. 


3. (a) Solve 4(r — j)-f r=16 log (A:-f-2>’). 

(b) Find a surface satisfying 

2 x*r - 5xys + 2 y*t +2 (px -f qy) = 0 
and touching the hyperbolic paraboloid z = x*—y 2 along its 
section by the plane >’=1. 

1961 

1. (a) Solve r-fs- 6t=y cos x. 

(b) Obtain the integral of q*r — 2pqs+p"t=0 in the 
form y+xf (z) = F(z) and show that this represents a surface 
generated by straight lines that are parallel to a fixed plane. 

2. (a) Show that 

x (2/i-|- 1) P n =(r«-4-l) P n+1 -\-nP n - lt 

(2n + 1) P„= P' n +\ — P’n-V 

(b) Prove that 





3. (a) Show that 

2) ^„+2+(n-h4) J ni . i —.,. 


(b) Prove that 

d /V_ n \__2 sin riTT 

dx \ J n ) rr xJ^~ 
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1962 


1. Solve :— 


(i) 

(ii) 


r=a 2 t, 

( b+cq ) 2 r— 2(6-f cq)(a+cp)s+(a+cp)* t = 0. 


2. Prove that 

(i) 


L f/> » <*»* dX = 2n + \ * 

/_! X * Pfl+l P »-i dx = (2rT-- 


2n (rt-f-1) 


(n) . 1) (2«+J) (2* + 3)' 

3. (a) If n is a positive integer, show that 

dx 


Q n (x) = P n (x) 




(x *— l) {P n (x)}* * 
(b) Show that when n is a positive integer. 


J n (x) 


-u 


cos ( n<t>—x sin <£) d<f>. 


1963 


1. (a) Find the surface passing through the two lines 
z=x= 0 and z— l=x—y=0 and satisfying the differential 
equation r — 4s-p4r=0. 


(b) 

(i) 

(ii) 

2 . 

equation 


Solve :— 

r+s — 6t =y cos x . 

dx* dy dx a? + a^ + a y 

==e 2*+3y^. s j n (2x+y)+xy. 

Explain Monge’s method of integration of the 


Rr+Ss+Tt = V. 

Apply this method to integrate the equation 

(x~—y) ( xr-xs-ys+yi) = (x+y) (p-q). 

3. (a) Prove that when n is a positive integer, J n (x) 
is the coefficient of zP in the expansion of in ascend¬ 

ing and descending powers of z. 



96 


Spherical Harmonics 


(b) Obtain the recurrence formula 

U n = Jn-1— J a +l 

deduce that 

2 r J n iri = Jn—r r Jn—T+Z~{ • • • +("“ l) r Jn+r> 

(c) Prove that (*) = sin x. 

4. (a) If P n (*) is a solution of Legendre’s differential 
equation, prove that 

2".n!i>„(x)=^ n (x*-l)". 

(b) Prove that 

(i) P' n+l + P n ’ = P 0 +3P 1 +... +(2/i+l) P„. 




